WHAT IS MEASURE? 
S. M. ULAM, University of Wisconsin 


The concept of measure includes the notions generalizing the old ideas of 
length, area and volume of figures; all of which are among the oldest in mathe- 
matics and, in fact, as basic as the idea of number itself. 


1. The elementary approach. The first mathematical approach to the idea 
of length of a curve, area of a surface, or volume of a solid consisted in assuming 
them as “evident” or given for some elementary figures, for instance line seg- 
ments, rectangles, parallelepipeds or prisms. One calculated these numbers for 
polygons or polyhedra by decomposing them into elementary figures; and for 
general curved figures, passages to the limit were used. Archimedes followed 
this procedure for the computation of areas and volumes of a few of the simplest 
geometrical objects. The question of the consistency of this method was, of 
course, raised much later. Not until the development of the infinitesimal cal- 
culus, which gave the necessary tools for working systematically with the limit 
processes, was the class of figures whose areas or volumes could be defined and 
calculated significantly enlarged. 

Cauchy, Riemann and Jordan gave rigorous definitions and statements of 
properties of the definite integral, and thus gave solid foundations for a treat- 
ment of the areas and volumes of the objects that formed the domain of study of 
most of the 19th century mathematics—sets defined by inequalities satisfied by 
continuous functions on the m-dimensional Euclidean space. [Let us point out 
here that in general the problem of the integral and the problem of measure are 
intimately related. A general notion of integral permits one to define a general 
measure, and vice-versa. ] In the second half of the 19th century, in many parts 
of mathematics, it became necessary to investigate more general sets of points 
in Euclidean space. In the study of trigonometric series, in function theory, and 
especially in the investigations of Poincaré in the theory of probability and the 
general theory of dynamical systems, there appeared sets of points defined by 
discontinuous functions (obtained through passages to the limit effected on con- 
tinuous functions). 

Cantor’s creation of set theory, where the notion of a geometrical figure was 
generalized into that of an arbitrary subset of points of a given space, introduced 
also a need for an axiomatic investigation of the problem of measure of sets and, 
at the same time, made possible a logical analysis of the notion of measure in 
general. 


2. Lebesgue’s measure. Borel, and above all Lebesgue [0], applied the ideas 
of set theory to the problem of measure. Lebesgue’s procedure for introducing 
a measure for sets situated in the Euclidean space was essentially this: . 

There is given a collection (class) of sets situated in the Euclidean space. 
This class contains the elementary figures and is large enough to include all 
sets that can be obtained by the processes usually employed in analysis; in par- 
ticular the complement of a set that is in the class also belongs to the class, and 
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the union of any denumerable number of sets in the class yields sets belonging 
to this class (the denumerable union of sets corresponds to the process of sum- 
ming infinite series). One has to attach to every set in the class a non-negative, 
real number, called its measure, so that the following postulates will be satisfied: 

I. All sets of a specific subclass should have measure, for example, all sets 
consisting of a single point. 

II. The measure of a set should coincide with its oidiaary value in the case 
when the set is an elementary figure. 

III. The postulate of additivity: two forms, a weaker and a stronger form 
are possible. This requires that the measure of a finite (or in a stronger form, 
denumerably infinite) sum of mutually disjoint sets should be equal to the nu- 
merical sum of the measures of the individual sets. 

IV. The invariance or congruence postulate: This requires that sets con- 
gruent in the sense of elementary geometry, should have equal measure. 

The smallest class of sets for which it is meaningful to discuss this general 
problem of measure, consists of the so-called Borel sets. These are all sets that 
one can obtain from intervals (or parallelepipeds in the n-dimensional case) by 
the two operations of taking a complement of a set and taking infinitely denu- 
merable sums of sets—repeated any number of times. Lebesgue recognized that 
one can enlarge this class by considering all sets that differ from a Borel set by 
a subset of any Borel set of measure. He succeeded in giving a constructive 
definition of a measure of this kind. His measure meets many but, as we shall 
see, not all the needs of analysis. 

We give these well known historical facts because, even in this prewar sa 
and schematic form, they throw light on the developments that followed Le- 
besgue. 


3. The abstract point of view. If we examine the problem critically, the fol- 
owing questions arise at once: 

How large can the class of sets be for which a measure, in the sense given 
above, can be defined? Lebesgue’s class is closed under the operations of de- 
numerable addition and intersection of sets, and so meets many but not all of 
the situations arising in analysis. Using simply the operation of projection of a 
Borel set from the n-dimensional space into the »—1 dimensional space (for 
example from the plane into the straight line) one can define sets that do not 
belong to Borel’s class. By operating again with complements of such sets 
and projections, one obtains a wide class of sets, the so-called projective sets. 
Whether these belong to Lebesgue’s class is still an open question. Such sets 
arise very naturally, especially in function spaces. It seems very natural to in- 
clude the operation of projection of sets (or what would be the same, taking the 
images through continuous transformations) in the consideration of the class 
of measurable sets. Lebesgue’s class certainly does not contain all sets. This was 
shown first by Vitali [1]. 
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The n-dimensional Euclidean space still remains the most important space 
of mathematics, but it is only the most important special case among the many 
spaces studied in geometry and analysis. It may be variously looked upon as an 
example of a general topological space, of a group manifold, of a Riemannian 
space, or of a finite dimensional vector space. Is a theory of measure for subsets 
of these spaces possible? The great development of the theory of probability 
creates the need of a theory of measure for sets in general “phase spaces” some 
of which are infinitely dimensional function spaces. 

In analogy with the property of invariance of Lebesgue’s measure for congru- 
ent sets, we might have to examine, in spaces more general than the Euclidean, 
the various meanings of congruence, and the corresponding properties of a 
measure. 

Let us study all these points in greater detail. 


4. The problem of the class of measurable sets. Let us make clear from the 
beginning that this discussion is necessary only because it is impossible to have 
measure defined for all subsets of a set [2]. To make things precise, we shall 
examine the situation where all sets for which a measure has to be defined, are 
subsets of the interval 0 <x $1. The class of sets should be such that the sums of 
denumerably many sets belonging to it also belong to the class, and the comple- 
ment of a set in the class is also in the class. We seek a real valued function m(A), 
the measure of the set, having the following properties: 

I. m(E) =1, where E denotes the entire interval [0 —1]. 

II. m(p) =0, when p denotes a set composed of any single point p. 

III. The additivity property, that is, the measure of the sum of two disjoint 
sets, is equal to the numerical sum of the measures: m(A+B)=m(A)+m(B) 
whenever A -B=0, 

III’. The additivity for a denumerably infinite number of disjoint sets: 
=), if Ay-Aj=0 for i¥j. 

It is impossible to have a measure function defined for all sets on the interval 
with the properties I, II, III’ [2]. But if one requires only I, II, III, one can 
define a measure with these properties for all subsets, and as a matter of fact, 
one can have an additional property of the measure, namely, that any two sets 
congruent in the sense of elementary geometry, will have equal measure [3]. 

Quite generally it is possible to have a finitely additive measure function, in 
any additive class of sets, the measure assuming only the two values 0 and 1, 
and being equal to 0 for all sets of a prescribed additive subclass of the given 
class [4]. 

The fact that it is not possible to have an infinitely additive measure for all 
sets on the interval, makes it necessary, even in the case where one does not require 
invariance or congruence properties for the measure to consider subclasses of meas- 
urable sets; we see that the problem is one of algebra and set theory at this 
stage. The problem of determining for what additive classes of sets there will 
exist a real valued infinitely additive set function is not yet solved. An answer 
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can be given in the case when the given class is generated by denumerably many 
sets (generated by the operations of taking the complement of a set and adding 
denumerably many sets in the class) [5]. 


5. Invariant measures. The problem of measure becomes more interesting 
when one requires that sets that are congruent or equivalent should have the 
same measure. 

We shall now explain the meaning of congruence or equivalence by means of 
a few examples. 

If the space E is Euclidean or more generally metric, the congruence of two 
sets A and B means that one can map A into B by a one-to-one transformation, 
so as to preserve distances between pairs of points. (The transformation needs 
to be defined only on A, and not necessarily on the whole space £.) It is natural 
to require that any two congruent sets should have equal measure. 

Another case: If the space E is Euclidean, we have a group of point trans- 
formations of E into itself, for example, the rigid motions. In general, when E 
is a manifold on which a given group © of point transformations is specified, one 
might call two sets A and B equivalent if there is a trarisformation T in the 
group ® such that T(A)=B. In any space E that is also a group manifold a 
group of transformations is obtained in a natural way, for example, by multiply- 
ing all elements x of the space by a fixed element a on the left: T(x) =a-x. 

Finally, we could conceive in the most general way of equivalence among 
subsets of a given space E as a given (but otherwise arbitrary) reflexive and 
transitive relation between sets, thus dividing the sets into classes of mutually 
“equivalent” ones. 

In all these cases one can ask for a measure function which, in addition to the 
additivity properties, would assign equal values to equivalent sets. 

Let us indicate briefly the present state of knowledge concerning the exist- 
ence of measures with specified invariance properties. Lebesgue’s measure is 
defined only for certain sets, but it has the properties I, II, III’, IV [6]. 
Banach has constructed a measure function for all sets on the real line, or all 
sets in the Euclidean plane with properties I, II, III, 1V. The fact that a measure 
of this sort is not possible for all subsets of the Euclidean space of three dimen- 
sions was first proved by Hausdorff [7]. A later proof was given by Banach and 
Tarski [8] in their famous paradoxical decomposition of two solid spheres, of 
different radii. Each sphere can be decomposed into the same finite number of 
mutually disjoint sets, the sets forming the bigger sphere being respectively con- 
gruent to those used in the decomposition of the smaller sphere! 

In a very interesting paper [9] Von Neumann has discussed the problem of 
measure for all subsets of any given group (thus generalizing the problem from 
the Euclidean vector groups to an arbitrary group) and characterized those 
groups for which a measure function satisfying I, II, III, IV can be defined 
for all subsets of the group. Let us note that IV refers to congruence as defined 
above for a general group. 
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Since in general we cannot define a measure function for all subsets, we have 
to consider special classes of subsets. In an important paper [10] A. Haar has 
established the existence of a denumerably additive and invariant measure func- 
tion for subsets of any locally compact topological group. The class of sets for 
which he succeeded in defining his measure includes all Borel sets (we recall that 
these are sets obtainable from open sets by the operations of complementation 
and denumerable summation). 

The problem of the existence of a measure function was treated for a general 
notion of equivalence of sets by Tarski [11]. He obtained necessary and suffi- 
cient conditions under which, if one requires finite additivity only, a measure func- 
tion satisfying the congruence postulate is possible. But the solution of this gen- 
eral problem for denumerably infinite additivity is yet to be obtained. Special 
notions of equivalence for sets, and the existence of a measure having equal 
values for equivalent sets, have been considered by several others [12]. 

We cannot here enter into the discussion of properties and applications of 
measure functions. Let us remark, however, that in many cases the properties 
which we have postulated for measure determine it uniquely. Lebesgue himself 
showed that a measure function for sets in the Euclidean space satisfying I, II, 
III, IV, must necessarily coincide with the one he has constructively defined. 
This also holds for measures in Haar’s groups [13]. 

Limitations of space forbid the discussion of applications of measure theory 
to the general theory of probability where one deals with some of the most 
abstract aspects of the theory and constructs measures in composite spaces, us- 
ing given measures in given spaces [14], or to ergodic theory [15]. For connec- 
tions between measures and topologies in algebraical structures the reader is re- 
ferred to the book of A. Weil [10]. Likewise, we cannot discuss here the general 
point of view under which one would define measures, not necessarily for sets 
that are subsets of a given space, but rather for elements of a general Boolean 
algebra [16]. Also one could study measures with other than real values; p-adic 
values for example seem indicated in certain general situations arising in topology. 


.6. The general problem. To summarize, we note that measure is a set func- 
tion associating a non-negative, real number with every set in a certain class of 
sets, all forming subsets of a given space. Characteristic properties of measure 
are its additivity for disjoint sets (finite additivity or, if one can obtain it, de- 
numerably infinite additivity). The other characteristic property is equality of 
measure for sets that are congruent or otherwise considered equivalent, the no- 
tion of congruence or equivalence being provided by the geometry or algebra of 
the given situation. The problem of existence of such.set functions has been 
solved in many special cases, including some most important ones in Euclidean 
space. However the general problem, that is, to determine whether or not, in a 
given class of sets with a given equivalence relation, a measure is possible, seems 
very difficult. 
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AN ELEMENTARY PROOF OF THE BUDAN-FOURIER THEOREM 
N. B. CONKWRIGHT, University of Iowa 


1. Introduction. It is possible that the treatment of the Budan-Fourier theo- 
rem outlined here may be of interest to those who teach introductory courses 
in the theory of equations. 

Let 


(1) f(x) = 0 


be a polynomial equation of degree » with real coefficients. Let V, denote the 
number of variations of sign in the sequence 


(2) I(x), f(x), 


when x =c, where c is any real number. The customary statement of the theorem 
is as follows: 


Let a and b be any two real numbers, a<b. Then the number of roots of (1) in 
the interval a<x Sb (an m-fold root being counted m times) is Va— Ve—2k, where k 
1s a positive integer or zero. 


In elementary text-books the theorem is sometimes stated in a simplified 
form obtained by imposing the condition that neither f(a) nor f(d) is zero. 

It is a familiar fact that Descartes’ rule of signs is an immediate consequence 
of the Budan-Fourier theorem. It is equally well known that Descartes’ rule 
can be established independently by an argument of an elementary nature. The 
following proof of the Budan-Fourier theorem will be based upon Descartes’ 
rule. The method used is similar to an argument which the writer has previously 
employed to derive Descartes’ rule.* 


2. Proof of the theorem. In this discussion the interval a<x Sb will be de- 
noted by J. The symbols hy, he, s, and ¢ will be used to denote quantities each of 
which is either a positive integer or zero. The number of roots of (1) in the 
interval J will be denoted by p. 


It is easily seen that p is equal to the number of positive (non-zero) roots of 


1 
(3) f(x + a) = f(a) + + 4+ = 0 


minus the number of positive (non-zero) roots of 


(4) fle $d) = JO) Ox tH" Ox = 0. 


This follows from the fact that equations (3) and (4) are obtained by diminishing 
the roots of (1) by a and b respectively. 


* See the author’s Introduction to the Theory of Equations, pp. 48-49. 
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By virtue of Descartes’ rule it is known that (3) has V.—2h, positive roots, 
and that (4) has V,—2h:2 positive roots. Therefore 


(5) = (Va — 2h) — (Vs — 2h2) = Va — Vo — 2h, 


where k=h,—h2. To establish the Budan-Fourier theorem we need only prove 
that R20. 

The proof that k=0 will be effected by mathematical induction. It can easily 
be verified that k20 if f(x) is of the first degree. Hence it will be sufficient to 
show that this inequality holds for every equation of degree m if the correspond- 
ing inequality holds for every equation of degree »—1. We shall therefore base 
the argument to follow upon the assumption that the specified inequality i is 
valid for every equation of degree n—1. 

Now let g denote the number of roots of the equation f’(x) =0 in the inter- 
val J, and let V/ denote the number of variations of sign in the sequence 


when x=c, where c is any real number. By an argument similar to that which 
led to (5) it can readily be shown that 


q=Va — 2k’ 
where ’ is an integer or zero. And by virtue of our assumption it may be 
affirmed that‘k’=0. 
It follows from Rolle’s theorem that g2p—1, say g=p—1+s. We note also 
that 
or +1, 
and 
Vie=Ve or Vea=Ve +1. 
An examination of the various possibilities will reveal that 
(6) Ve —Ve —-1. 
Consider first the case in which the inequality sign holds in (6). Then 
(7) Vi =qt2k =p—1+s+ 


Now if s+2k’#0, we have V.— Vs2p. It follows from (5) that R20, as was 
to be proved. 

If s-+2k’=0, we have V.— V,=p—1. But it follows from (5) that Va— Vi—p 
is even, and hence Va— Vi~#p—1. Consequently Va— V»>p—1, and therefore 

—V.2p. Again it follows from (5) that k20. 

Consider next the case in which the two members of (6) are equal. This is 
possible only if Va= V2, and 


(8) Vi=Ve +1. 


: 
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It will be shown in the next paragraph that, if (8) holds, then g2p. Accepting 
this fact for the moment, and writing g=p+#, we have 


The first and last members of (9) are essentially the same as in (7). And by an 
argument similar to that developed in connection with (7) it can be shown that 
k=0 in the case under consideration. 

To complete the proof of the Budan-Fourier theorem it will now suffice to 
show that g=> if (8) holds. In this case f(b) #0, and if f’(b) 40, the quantities 
f(b) and f’(b) must have unlike signs. Now let r be the greatest root of (1) in 
the interval J. Then f’(x) must vanish at least once in the interval r<x 3), for 
otherwise f(b) and f’(b) would: have the same sign. (This is obvious from graphi- 
cal considerations, and can also be proved by a simple argument based upon the 
mean value theorem.) Hence the equation f’(x) =0 has in the interval J the p—1 
roots vouched for by Rolle’s theorem, and at least one additional root in the 
interval r<x <b. Therefore g2 p. 


A PLANE REPRESENTATION OF VECTORS AND TENSORS* 
F. P. BEER, Williams College 


1. The methods of plane representation of space vectors. Two methods are 
used for the plane representation of a free vector P of components X, Y, Z. 
The first method, introduced by B. Mayorf and developed by R. von Misesf, 
associates with P a line-boundt{ vector P’ of the plane XOY, whose x- and 
y-components are equal to X and Y respectively, and whose moment with re- 
spect to OZ is equal to cZ, c being a constant. The second method, used by 
W. Prager§, associates with P a line-bound vector P’’ normal to the plane 
XOY, and such that the z-component of P” is equal to Z, and its moments with 
respect to OX and OY are equal to cX and cY respectively. The vectors P’ and 
P”’ both characterize P and are called the first and the second images of P. 

In both cases the system formed by the images of given vectors of the space is 
equivalent to the image of the sum of the given vectors. Furthermore, using the 
two methods simultaneously, W. Prager** has established formulas expressing 


* This work was carried out at Brown University, Providence, R. I., with suggestions from 
Professor W. Prager, during the Summer Session of Advanced Instruction and Research in Applied 
Mechanics, 1942. 

} B. Mayor, Introduction 4 la statique graphique des systémes de l’espace, Lausanne, 1910 

¢ R. von Mises, Graphische Statik riumlicher Kraftesysteme, Zeitschrift fiir Mathematik 
und Physik, vol. 64, p. 209, 1916. 

tt I.e. one whose line of action is fixed. 

§ W. Prager, Beitrag zur Kinematik des Raumfachwerks, Zeitschrift fiir angewandte Mathe- 
matik und Mechanik, vol. 6, p. 341, 1926. 

** W. Prager, Die Formanderungen von Raumfachwerken, Zeitschrift ftir angewandte Mathe- 
matik und Mechanik, vol. 7, p. 421, 1927. 
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the scalar and vector products of two vectors by means of their images. In the 
following we need only the formula for the scalar product of two vectors P, and 
P, represented by their first and second images respectively. Denoting by rj the 
vector joining O to a point of the line of action of P; and by r/’ the position 
vector corresponding to the trace of P;’ on XOY, we have 


1 
(1) = X PY): — ry). 


In order to obtain a simpler formulation of our results, we shall slightly 
modify these methods of representation by rotating the image vectors by —7/2 
around the z-axis. This change of orientation does not alter the law of summa- 
tion, and formula (1) also remains valid. The first image P’ of the vector 
P(X, Y, Z) is then characterized by the two components X’=Y, Y’=—X 
and a line of action p’. The equation of p’ can be derived from the condition 
imposed on the moment of P’ with respect to OZ; it has the form 


(2) aX + + cZ =0, 


where x and y are the running coordinates. In a similar way, the second image 
P’’, of modulus Z and normal to XOY, is found to pierce that plane at a point p’’ 
of coordinates 


(3) =e 


As the line of action p’ of the first image and the trace p’’ of the second image 
both characterize the direction of P, a relationship must exist between these two 
elements. Eliminating X, Y, Z between (2) and (3), we find that p’ is the anti- 
polar of ’’ with respect to the circle defined by 

y?— 0. 

The relation between the two images will be completely determined if we 

recall that their moduli P’ and P”’ satisfy the equations 
and P" =Z, 


where d’ is the distance of p’ from the origin. It should be noticed that the 
modulus of an image is to be considered as an algebraic quantity, the sign of 
which depends upon the sense of the image. Denoting by d’’ the distance Op’’, 
we have 

= 


and consequently 


d 
(4) P"=—P’ and P =— Pp", 


xX Y 
Z Z 
‘ 
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These equations express the modulus of one image as a function the of ele- 
ments of the other. The formulae (4) show that the signs of P’ and P”’ are alike. 
This means that P’’ and the moment vector of P’ with respect to O have the 
same sense. 


2. Plane representation of symmetric tensors. Consider a symmetric tensor* 
Iz, —-D, 
(5) @=1-D, I, 


The tensor @ serves to define the transformation of a vector o(wz, Wy, #) into 
a vector S=@ w, whose components are 


Ss = Iw, Dw, D,y:; 
(6) Sy Dw:t T yoy Dw,, 
S; Dy: Dw, + 


Associate with §S its first image S’ in the plane XOY, and with @ its second 
image w’’. The equation of the line of action s’ of S’ is obtained by substituting 
S:, Sy, S: for X, Y, Z in (2). Similarly, the coordinates x’’, y’’ of the trace 2’ 
of w’’ on XOY are found by substituting w., w,, w: for X, Y, Z in (3). Using (6) 
we obtain the following relation between x’’, y’’ and the running coordinates 
x, yofs’: 


+ Dixy" + yx") — Dyc(x + x”) — Dicly + + Tc? = 0. 
Hence s’ and Q”’ are polar and pole with respect to the conic g of equation 


(7) I,x? + Iyy? — 2D,xy — 2Dycx — 2D.cy + Ic? = 0. 


The coefficients of this conic are readily determined from the components of 8, 
and, as s’ and Q”’ characterize the directions of S and respectively, we see 
that g determines the tensor @, as far as the directions are concerned. 

Compare g with the conjugate quadrics Q and Q’ used by Cauchy in his rep- 
resentation of a symmetric tensor. The equation of these quadrics is 


(8) T,X? + I,Y? + 1,Z? — 2D,YZ — 2D,ZX — 2D,XY = + h’, 


where h is a constant. The equation of the cone K asymptotic to Q and Q’ is 
obtained by setting h= 0 and we see that g can be considered as the intersection 
of K with the plane Z=c. If Q and Q’ are unparted and biparted hyperboloids 
respectively, K is real, and g is a real conic (ellipse, hyperbola or parabola). If 
Q and Q’ are real and imaginary ellipsoids respectively, as in the case of the 
tensor of inertia, K is imaginary, and q is an imaginary ellipse. In order to avoid 
using imaginary curves, we shall then use instead of g its conjugate @. 


* The choice of notations is due to the fact that later 6 will denote the tensor of inertia of a 
rigid body. 
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The coordinates xo, yo of the center C of g and @g are obtained by solving 
(9) Ix — D.yo — Dyc = 0, — Dx) + Iyyo — Dic = 0. 


Introduce the new coordinates =x —x9, n=y—yo. Denoting by A the determi- 
nant of the matrix (5) and by 6 the minor belonging to J,, the equations of q 
and g may be written respectively as 


A A 
(10) — + + = 0, — + — 0. 


One of these conics at least is real, and we can determine its orientation and axes 
from the corresponding equation (10). A real conic is thus associated with 0, and 
can be easily constructed. 

We know already how to draw the line of action s’ when w”’ and the conic q 
or g have been constructed. We now shall show how the modulus and sense of S’ 
can be determined from the same elements. The moment of S’ with respect to 
the center C of the conic, is obtained as the sum of the moment cS, with respect 
to O and the moment, with respect to C, of a vector equipollent to S’ and at- 
tached to O. Hence 


gS’ = + yoSy + 


where S’ (whose sign characterizes the sense of the moment of S’ with respect 
to O) is the modulus we want to determine, and g the algebraic distance of s’ 
from C, considered as positive if O and C are on the same side of s’. Using the 
relations (6) we find 


gS’ = — Diyo — Dyc) + wy(— + Iyyo — 
+ w:(— Dyxo — Dzyo + TI). 
Equations (9) show that the two first parentheses are equal to zero. The third 


one is equal to f(xo, yo)/c, where f(x, y) denotes the first member of the equation 
(7) obtained for g. Writing f(x, y) as in the first of the equations (10) we obtain 


1 cA 
— f(xo, Yo) = 
6 


Finally, recalling that w, is equal to the modulus w”’ of w’’, we find 


A ” 
(11) 


The first image of S is thus entirely determined from the second image of w. 
The senses of w’’ and of the moment of S’ in C (of modulus gS’) are alike or 
different according as the quotient of A and 64 is positive or negative. In the case 
of the tensor of inertia these two determinants are positive, and w’’ and the 
moment of S’ with respect to C have the same sense. 


2 
‘ 
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3. Scalar product of S and w. Moment of inertia. We shall now form the sca- 
lar product of the vectors S and w by means of their images S’ and w’’. Draw- 
ing the perpendiculars 2’’Z and CL’ on s’ (see figure), we denote by u the vector 
running from L to 2” and by v that from L’ to C. Choosing L as the extremity 
of the vector rj, formula (1) yields 


1 
(12) S-@ = — X S’)-u. 


As w"’ and S’ are perpendicular to each other the modulus of their vector product 
equals w’’- S’ or, according to (11) 


cA 


The direction of the vector product is that of v. The vector product has the sense 
of v if the quotient of A and 4 is positive. Noting that both |g| and |v| are 
equal to L’C, we get 


” ,_ oA 2 1 
X S’ = —w 


Vv. 
6 (L’C)? 


The vectors u and v being parallel, their scalar product equals (LQ’’)(L’C), and 
formula (12) takes the form 


(13) S-o = 


Draw 0’’C, and denote its intersection with s’ by N. Then 


A No” 
(14) = 


The two last formulae are valid in the general case of a symmetric tensor. 
Consider now the particular case of the tensor of inertia. The conic g is then an 
imaginary ellipse, and s’ must be considered as the antipolar of 2’’ with respect 
to the real ellipse g. As the center C of g is located between N and ’’, 


No” NC+ CQ" CQ” 
NC 


Multiply numerator and denominator of the last quotient by CQ’’. Now the 
product of NC by CQ”’ is equal to the square of CM, where M is the intersec- 
tion of CQ’’ with g. Hence 


Na" _ (Cu? + 
VC (CM)? (CM)? 


} 
A, La” 
5 L'C 
j 


610 A PLANE REPRESENTATION OF VECTORS AND TENSORS 


If R and r denote the lengths of the segments CM and ca" respectively, formula — 
(14) takes the form 


A 7? 
(15) = — 
R? 


This formula requires only the construction of w’’ and g for the calculation of 
the scalar product S-a. 

If w represents the instantaneous rotation of a rigid body with a fixed point O, 
the kinetic energy, equal to one half of S-w, can be graphically determined if the 
six components of the tensor of inertia attached to O are known. Moreover, 
dividing this scalar product by w? we obtain the moment of inertia J of the body 


with respect to the instantaneous axis of rotation. As the quotient of w’’ by w is 
equal to cos y, where ¥ is the angle formed by w and OZ, formula (15) yields 


= — cos? y ———- - 


Denoting by p? the quotient of A by mé where m is the mass of the body, we 
have the following expression for the radius of gyration k corresponding to the 
direction of w: 


VRP 
k = pcos y ————— 


The graphical construction of k is easy, once the ellipse g has been drawn. 
The graphical methods developed in this paper will be useful in a graphical 
discussion of the rotation of a rigid body around a fixed point. 


r 
= 
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A PROJECTIVE CONSTRUCTION FOR PLANE NODAL CUBICS 
I, C. FISCHER, University of Minnesota 


1. The problem. The problem under consideration is to discover the base 
elements for the construction of plane nodal cubic curves, with the use of straight 
edge alone, having given a sufficient number of conditions for the unique genera- 
tion by a projective method. A few of the many possible cases which may arise 
will be discussed here; others can easily be formulated from the general con- 
struction. 

In another paper,* the author presented a method for constructing a plane 
sextic, with degenerations, in which the base elements were a point conic, two 
straight lines, and three mutually perspective flat pencils. If the conic is re- 
placed by a straight line, a cubic of the class with which this paper is concerned 
will result. 

The method of construction employed here somewhat resembles Grass- 
mann’s,f in that three fixed points and three fixed lines are employed, but the 
method of generation is entirely different since we use the three fixed points 
as centers for three mutually perspective flat pencils. Another straight line con- 
structiont utilizes two pencils of lines in one-two correspondence. The author's 
solution is obviously a special case of a more general construction referred to 
above.t 


2. The general construction. Consider three noncollinear points A, B, C, and 
the lines /, 1’, 1’’, which are not concurrent. A ray through A cuts / in point L. 
The rays BL and CL meet l’ and l"’ in L’ and L”’ respectively. Line L’L’’ is 
on a point P of AL. The totality of all points P so defined constitutes the re- 
quired locus. Before proving that this locus is a nodal cubic, a few projective 
relations will be discussed. 

Let [L] be a range of points on /, and [a] a pencil of lines on point A; also 
let 2 and = represent a perspective correspondence with center O, and a pro- 
jectivity, respectively. The chain of perspectives 


defines a projective correspondence II such that II[L’] =[L’’], and the lines L’L”’ 
defined by all pairs of homologous points on the two ranges generate a line conic 
k, of which J’ and 1’’ are elements. Since [L’] is perspective with [b] then [b] 
is perspective with k and 


[a] 2 also [c] 


* Projective construction for certain algebraic curves, this MonTHLY, April 1940. 

¢ Plane Curves of the Third Order, H. S. White, p. 108, 1925. 

¢ On the straight line construction of unicursal cubics, W. H. Bunch, this Montuty, Vol. 
42, 1935, pp. 74-80. 
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Therefore, [a]=k, and since homologous pairs of [a] and & intersect in the 
points P, then P is the locus of the intersection of homologous lines of a line 
conic and a projective pencil of lines. That all the points P define a cubic 
uniquely will be shown by a synthetic and an analytic proof. 

2-a. A synthetic proof. Consider a point conic K with M any point on it such 
that the pencil [m] is perspective with K and also projective with another pencil 
[a] with center A not on K. Then [a] and [m] generate a point conic K’ which 
is projective with K. Thus A is on K’ and M is an intersection of K and K’. 
To each point on K there corresponds one and only one point on K’ and such 
homologous pairs coincide only in the intersections of the two conics. There are 
at most four points common to K and K’, let us say at M, Mi, Me, M3. Rays 
AM,, AM2, AMsz, are homologous to rays MMi, MM2, MMs3. The ray on M 
which corresponds to AM on A is a tangent to K’ and the point on K homolo- 
gous to M on K’ does not coincide with M. Therefore, there are at most three 
lines of [a] which pass through their corresponding points on K. 

A polarity with respect to K transforms the points of K into a line conic k, 
and the rays of [a] into a range of points [A’] on the polar of A. Thus [a] is 
projective with k, and [A’] is projective with &. It follows that not more than 
three points of [A’] will lie on their associate lines of k and these three points 
are on the locus of P. Now consider any line of the plane such that its points 
are in projective correspondence with [A’]. There are then at most three points 
of this line on the homologous lines of k and these common points are also on 
the required locus. Therefore, the locus is a point cubic.* That the curve is 
nodal is shown by the fact that the polar of A with respect to K cuts K in two 
distinct real points or in no real points, since A is not on K. These intersections | 
are double points of the polar transformation. Hence two distinct lines of & or 
no such lines pass through A and are intersected in A by homologous rays of [a]. 
Therefore A is an acnode or crunode and is the only possible singularity of the 
cubic, since a straight line intersects a cubic in at most three real points. 

2-b. The equation of the cubic. The analytic proof that the construction yields 
a cubic is conveniently demonstrated by the use of homogeneous point coordi- 
nates (x1, x2, x3), With parameters in non-homogeneous form. In what follows it 
will be understood that the symbol a,x; represents a summation with 7=1, 2, 3. 

Let the vertices of the triangle of reference be on the points A, B, C, and let 
these points be defined by the homogeneous point coordinates (0, 0, 1), (1, 0, 0), 
and (0, 1, 0) respectively. The various base elements are given by the following 
equations: 


(1) a,x; = 0, the line ]/ = 0; 
(2) b;x; = 0, the line /’ = 0; 
(3) cix; = 0, the line /’’ = 0; 


* See problem 7, p. 217, Projective Geometry, Veblen and Young, Vol. 1. 
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(4) x1 — hx, = 0, the pencil [a] on A; 
(5) x2 — mxs = 0, the pencil [b] on B; 
(6) x; — nxz = 0, the pencil [c] on C. 

The ranges [L’] and [L’’], in terms of the parameters are: 
(7) L'[= (bam + bs), bym, by] from (2) and (5); 
(8) L" [nco, — (cin + ¢3), 2] from (3) and (6). 


The equation of the line conic k in parametric point coordinates, may be ex- 
pressed in the usual determinant form: 


(9) | x, L', = 0. 


Now since [a], [b], [c], are mutually perspective on axis /, that is, homologous 
rays of the three pencils are concurrent, the determinant of the coefficients of 
(4), (5), (6), vanishes, and this fact gives the relation among the parameters: 


(10) n = hm. 


The projective correspondence which brings L’ into L’’, also transforms m 
into m. Since for each point P corresponding rays of [b] and [c] meet on J, it 
follows that 


(11) ayn + aym + a3 = 0, from (1), (5), and (6). 
(12) (aih + a2)m + a3 = 0, from (10), (11). 
Solving for m out of (12), and noting that 4 =x1/x2 as given by (4), we obtain 


a3X2 


(13) m= — 


» where # is defined below. 


(14) using (10) and (13). 


Now substituting (13) and (14) into (9) and expanding, we obtain, after 
grouping terms, the equation of a cubic: 
(15) f (m1, %2, x3) = 0, or 
ps — aspr + aast = 0, where 
Pp = aX, + 


t= X1X2%X3, a= = 


The general cubic has nine essential constants, whereas the equation (15) 
has but six such coefficients. This indicates a cubic with specified node, If the 


= 
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node is not specified by the particular orientation of the base elements given 
above, the most general equation of f=0 contains eight essential constants, 
which shows that (15) is a nodal cubic. 

2-c. Some fundamental points on f. Certain points of f can be easily found 
from the construction and equation. These will be of use in the problems to 
follow. See Fig. 1. , : 


\ 


p 


\ 
\ 

\ 
\ 


Fic. 1 


P; is the intersection of / and 1’, denoted by /, l’; Pz is on 1, l’’ and P; on I’, 
AB;1l'’, AC intersect on P,, and/, BC on Po. By means of (15) it is easily shown 
that p=0 is the line through A and Po; s=0 is a line P;P4; r=0 a conic on A, 
P;, P4; t=0 is the improper cubic composed of the three axes of the reference 
triangle. 

That A is the node can be shown by the fact that any line through A has 
two coincident intersections with f. It is not difficult to prove that all the deriva- 
tives 0f/dx; vanish at A, and therefore A is the double point. 


3. The inverse of the general construction. The methods for finding the base 
elements for the construction of f under specified conditions can now be tabu- 
lated. To make the procedure as general as possible, the given simple points will 
be chosen so that no three are collinear, although this restriction is not neces- 
sary. The specification of three collinear points in certain order may cause the 
construction to break down. 

Since the cubic is nodal, eight ordinary points or equivalent conditions may 
be specified to determine it uniquely. If the node is specified, six additional 
conditions must be imposed. Thus, in addition to the fundamental points men- 
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tioned, use will be made of Ps which is located by the ray joining A with /, 
P3P,, and P, on a ray through A and P,P,, 1. P; and Ps are on rays AD and AE, 
where D and E are the junctions of BC, l’ and BC, l’’ respectively. The following 
constructions are readily understood when the general construction is retraced 
in the reverse order. 

3-a. Given points P,, (n=1-8 inclusive). P;P3, P2P,are taken as I, 1’, l’’ 
respectively. PsP, and P,P; cut in Ls and Then and meet in A. 
AP; and AP; cut l’ and l’’ in D and E. DE will intersect AP; in B and AP, 
in C, and the construction for any number of points on the curve is uniquely 
determined. 

3-b. Given P, (with n=7 deleted), and tangent p, at point P;. The tangent p; 
is the line PiQi:, where AB and / intersect in Z;. and AC cuts L;D in Q;. This 
result was not obtained synthetically but while working on an analytical phase 
of the problem. The author had on hand the analytical expressons for many 
points and lines of the construction figure including the equations of certain 
tangents. By comparing coefficients, the above construction was arrived at. 
Thus the method of solution was tentative at best. The analytical verification 
is alittle tedious, but not at all difficult. If P, is taken on (1, 1, 1) there will be 
no loss in generality and we then have 


a,+a,+4;=0 and 5; =0, 
equations of / and l’ may be written 


— (a; + a3) %2 + a3x3 = 0, and 


+ boxe — (b1 + b2)xg = 0, respectively. 
The equation of ~; as constructed above is then 
+ x1 — ayb2x2 — a3b,x3 = 0. 


That this is the equation of the tangent to f at P; may be shown by the general 
equation for a tangent: 
of 


x;—— = 0, 
Ox; 


where the partial derivatives are evaluated for the point Pi, or (1, 1, 1). This 
will be relatively simple if (15) is differentiated as given in its unexpanded form 
and subsituting coefficients a2= —(ai+as3) and b;= —(b:+02), in the final re- 
duction. 

Base lines /, 1’, l’’, and point A are located as in (3-a). AP; and AP, meet / 
and in L; and Qi respectively. Q,L: cuts /’ in D and APs cuts/l’’ in E. Then DE 
meets AL, in B and AQ, in C, and the construction is complete. The process, 
however, may be simplified by the fact that /’ is the tangent at P, if C is onl’. 
In this case C coincides with D. 
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3-c. Given P,, (n=1-6 inclusive), and the tangents on P, and respec- 
tively. The tangent p2 was arrived at directly by associating P: with P; in the 
projective relations involved. By a process similar to that used in 3-b it may be 
shown that 2 is the line Q2P2, where / cuts AC in Lz and EL: meets AB in Qs. 

A, l,l’, l’’, are located as in 3-a and 3-b. and Q2L2 meet and in D 
and E respectively. ED then determines B and C. This construction may also 
be specialized by taking B and Conl"’ and 1’, in which case and will coin- 
cide with /’ and 1’’ respectively. 


Fic. 2 


3-d. Given the node A and six simple points P, (n=1, 2, 3, 4, 7, 8). PiPs, 
P,P3, P2P.4, will determine I, 1’, l’’, respectively as before. AP; cuts l’ in D and 
AP; meets l’’ in E. DE then will intersect AP; in B and AP, in C. 

3-e. Given the node A with real tangents a’ and a’’, and four ordinary points 
P,, Pe, Ps, Ps. It will be noted that the two lines of the conic k which pass 
through A determine the real tangents on the node. Let the points P, Pe, Ps, Pa, 
locate the lines /, 1’, 1’’, as in the previous cases. Let A be the intersection of any 
two lines of k, these cutting /’ in and and 1’’ in L¢ and L?’ respectively. 
The given tangents a’ and a’’ cut] in M’ and M”’. The junction of Li M’ with 
L{' M"’ is point B. In a similar manner L{ M’ and Lz’ M"’ meet in point C. 

It is easily shown that if /’ and /’’ intersect on A, then AB and AC are real 
nodal tangents. This fact makes it possible to simplify the construction. In this 
case let the distinct given points be P:, P2, P’, P’’, where P’ and P”’ are any 
two points other than those designated as fundamental. P,P2, AP, APs, deter- 
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mine J, 1’, l’’ respectively. P’A cuts 1 in Q’; Q’P’’ meets in L’ and in L’’. 
PA cuts! in Q’’; then Q’’L’ meets a’ on B and Q’’L”’ intersects a’’ on C. 

This case is evidently subject to variation, since when 1’ is on A, then AB 
is a tangent on A. Also if 1’’ is on A, then AC isa tangent on A. 


4. Miscellaneous. The node may be made an isolated point by the specifica- 
tion of two real inflections, or by special orientation of the base elements. If J, 1’, 
and AB are concurrent, then /’ is a tangent on P,; similarly, if J, l’’, and AC are 
concurrent, l’’ is tangent on P». If both of these conditions are imposed, the 
double point A will be, in general, isolated (see Fig. 2). Now if to these restric- 
tions we add the conditions that l’ is on C and l’’ on B, it will be found that the 
Hessian of f vanishes at P; and at P2. Thus, P; and P; are inflections and 1’, 1’’, 
the corresponding inflectional tangents. Many other specializations, exist. 

Constructions for conics will arise from the foregoing problems if the cubic 
is degenerate. If the base lines are chosen so that I, 1’, AB;1,1'’, AC; andl’, 1’’, 
BC, are three points, the cubic will break off into the line p=0 and a conic 
through A, Pi, Ps, with tangents /’ and /’’ on P; and P2 respectively. Thus point 
l’, l’’ will be a pole and the line s=0 its polar with respect to the conic. The 
equation of this conic is ps —asr =0. 


DISCUSSIONS AND NOTES 


EpITEpD By Marie J. WEtss, Sophie Newcomb College, New Orleans, La. 


The Department of Discussions and Notes is open to all forms of activity in college 
mathematics, except for specific problems, especially new problems, which are reserved for the 
department of Problems and Solutions. 


A NOTE ON THE RIEMANN INTEGRAL 
H. E. Rossins, Post Graduate School, U. S. Naval Academy 


The following theorem, which arose during an investigation of integration 
by change of variable, is believed to provide an interesting generalization ot the 
ordinary definition of the Riemann integral of a continuous function. 


THEOREM: Let f(x) be a continuous function and let C be a constant given in 
advance. Choose a sequence of numbers (not necessarily increasing) 


such that 
a- <C. 
Set max |x;—xi1| =5,, and form the sum 
Sn = ("i — ai-1), 


where %; is any point in the closed interval whose endpoints are x;and x;-1. Then for 
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any sequence of such sums in which 6,0, we have 


lim S,, = 


where the integral on the right 1s the ordinary Riemann integral. 


Remark. In this theorem C may be arbitrarily large but must be fixed for all 
sums in the sequence. Without this restriction the theorem is false, as may easily 
be shown. 

We proceed to prove the theorem. Let the maximum oscillation of f(x) in any 
interval of the subdivision be equal to ¢. Consider the set of all points 


@ = Yo, V1» Vm = 


consisting of the x; arranged in increasing magnitude without repetition. In each 
interval yx] choose a definite point Suppose the interval [x;_1, con- 
tains the points yx_1, Ye, Vert» °° * » Ye+r AS endpoints or interior points. Replace 
the term 


by the expression 
(2) SG) (Ye — + (Mere — 


if x;>x;1, and by the negative of this expression if x;<x,_;. The difference be- 
tween the term (1) and the corresponding expression (2) will be less in magni- 
tude than e|xs—xi1| . Carrying out the replacement for every term of S,, we 
obtain a new sum S,| differing from S, by less than 


— < Ce. 
In S, collect all terms 
+ (ye — 
for a fixed k. The result will be simply 
(Ye — Yet), 


since the interval [yx-1, yx] will be traversed some number times from left to 
right and (p—1) times from right to left. Since this is true for all k, S,/ is an 
ordinary Riemann sum for f(x), and hence 


But 


lim (S, — Sy) = 0, 
since | S,—S, | <Ce and lim ¢=0. This completes the proof. 


| 
‘ 
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AN EXAMPLE ON DOUBLE SERIES 
J. E. Brock, Washington University 


It is known that the convergence of a double series }>7";",..:4:;1.e., the exist- 
ence of the double limit, limm Smn (where Sinn =) 1213-1443), does not imply 
the convergence of the series or Bromwich* cites an example 
of a convergent double series, a finite number of whose rows and columns di- 
verge. It might be of interest, particularly for instructional purposes, to have a 
simple example in which the series ))2.,ay and ))72,ay diverge for all j and i. 

Consider the double series where aij=(—1)’b: and 
>. 15, converges and has the sum 0. It may easily be seen that the double 
and the sums on the right are either equal to zero or to —),7,b; or to — 7-1; 
Since ),~_1b,=0, these latter sums approach zero as a limit as m> 0, n>. 

However, Lanite and )>%.,ay both diverge, since the general term ai; does 
not approach zero as a limit, when for fixed t, j-+”, or when for fixed j, i. 


FUNCTIONS NOT FORMULAS FOR PRIMES 
IrviNG REINER, Brooklyn, New York 


A function F(x) is said to be a formula for primes if F(x) is a prime for every 
positive integral value of x. We shall show that certain types of functions cannot 
be formulas for primes. 


LEMMA. If f(x) and g(x) are polynomials with integral coefficients and positive 
leading coefficients, then for all sufficiently large integral values of k 


f(a + kp(p — = (mod 9), 
where p 1s any prime and a is any integer such that g(a) >0. 
Proof. We have f(a+kp(p—1))=f(a) (mod p), and g(a+kp(p—1)) =g(a) 


(mod p—1). Therefore we may write 


f(a + kp(p — = (mod 


where M is positive for sufficiently large k. However, if f(a) =0 (mod ), then 
f(a)¥-» =0 (mod p), and if f(a) 40 (mod p), then f(a)¥-» =1 (mod by 
Fermat’s theorem. In either case 


f(a + kp(p — = (mod p), 


~ and the lemma is proved. 


THEOREM 1. If fi(x), gi(x) (¢=1, - - , 2) are polynomials with integral coeff- 
cients and positive leading coefficients, the following is not a formula for primes: 


F(x) = 


* Bromwich, T. J. I’A., Theory of Infinite Series, Macmillan (1908), p. 90. 
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Proof. Otherwise, suppose that F(x) is a formula for primes; let a be an in- 
teger such that all of the g;(a) are positive. Then we have for sufficiently large 
integral k (by the Lemma) 


fila + kp(p — f,(a) (mod p), 


where p= F(a). Hence we have 


F(a-+ kp(p — 1) = fila)" 


Therefore F(a+kp(p—1)) is divisible by p; but we assumed that F(x) is prime 
for all positive integral x. Hence F(a+kp(p—1)) is either p or —> for all suffi- 
ciently great k. This contradicts the fact that limz.,, F(x) = ©, which is true be- 
cause the leading coefficients are positive. Hence, F(x) is not a formula for 
primes. 


Example. If a and b are integers, a>1, then a*+6 is not a formula for primes. 


THEOREM 2. Let F(x) be defined as 
F(x) = 
t=1 


where fi(x), gi(x), hi(x) +, m) are polynomials with integral coefficients 
and positive leading coefficients. Then F(x) is not a formula for primes provided 
there exists an integer a such that: 

(1) All the g:(a) and h,(a) are positive; 

(2) If any gi(a) has a factor r; in common with q= F(a)-1=p—1, then any 
prime divisor of r; occurs as a factor of q to a power less than or equal to h;(a). 


Proof. Assume that F(x) is a formula for primes, and let a be an integer whose 
existence is demanded by the hypothesis. We shall use the above notation. Let 
the prime factorizations of g=dq{'g?- gj* and rs=qig?--- git, where 
and each v;>0. Clearly this places no restriction on the g;. Choose m;= M.g@(q), 
where ¢(q) is the Euler ¢-function, such that gi(a+m,) and h;(a+m;,) are posi- 
tive. Now ; 


gi(a m,)hilatmi) = gi(a) (mod q)s 


where M’ is positive for proper choice of M;. Let gi(a) =riti, where ¢; is prime 


to g. Then since h,(a)=max-(w, u2, +++, uu) and since the Euler function is 


Also =1 (mod Therefore 
Now let m= Mpq¢(q). Then by the reasoning of Theorem 1, for all sufficiently 


n 
t=1 
‘ 
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large values of M, F(a+m) equals p or —p. Hence, we again have a contradic- 
tion as in Theorem 1, and F(x) is not a formula for primes. 


Example 1. 2”-+k is not a formula for primes for integral k. 
Example 2. F(x) =(x+1)”+1 is not a formula for primes. Proof, let a=1. 
Note. This method is easily extended to functions of the type 

f(x) 


under conditions similar to those of Theorem 2. 


ON P,-MATRICES 
H. SCHWERDTFEGER, University of Adelaide 


The notion of P,-matrix which has been introduced in a preceding note* 
can further be restricted usefully in the following way when it still covers all 
¢-symmetric matrices: Let again @ be an involutory automorphism or anti- 
morphism of the infinite field § containing the matrix elements. For any a in § 
the element ¢(1)-¢(a) may be called the ¢-conjugate of a. An n-rowed square 
matrix A with elements in § is said to be a ¢P,-matrix if it is a P,-matrix (r $m) 
and the linear relations existing between its rows arise from those between the 
equally numerated columns by taking the ¢-conjugate elements of the coeffi- 
cients of the column relations in corresponding places. Thus when a“, + + +, a(é”) 
are linearly independent columns of A, then aj), + - +, @%) are linearly inde- 
pendent rows of A, and from 


a” = (v=1,---,n) 
p=1 
follows 
p=1 


If r=n all \, are zero except for 1,=v. Thus every regular m-matrix in § is a 
¢$P,-matrix. A singular ¢P,-matrix (r<m), however, is ¢-congruent with 


where A, is an r-rowed principal submatrix of rank r in A. Here A, can be any 
regular r-matrix. Hence the ¢P,-matrices form the most general class of matrices 
A of rank r which are ¢-congruent with a matrix of type (1) where A, is any 
regular principal submatrix of A. 


* H. Schwerdtfeger, On generalized hermitian matrices, this MONTHLY, vol. 49, 1942, pp. 181- 
184. The content of §§1-2 of this note is supposed to be known here. (On p. 182, in the last formula, 
Ay has to be replaced by Age.) 
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CLUBS AND ALLIED ACTIVITIES 


EpiTEpD BY J. S. FRAME 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to J. S. Frame, Michigan State College, East 
Lansing, Michigan. 


SOLVING A RIGHT TRIANGLE WITHOUT TABLES 
J. S. Frame, Michigan State College 


Given the three sides a, b, ¢ of a right triangle ABC, in which C=90° and 
a <b, it is possible to express the smallest angle A in terms of the three sides by 
the approximate formula 


+2c 


in which the error is less than one minute for angles less than 37°, and is still 
fairly small for all angles less than 45°, as the following table shows: 

A in degrees { 10° 20° 30° 33° 36S 39° 45° 
Error in minutes} 0’ +.4’ +.4’ 4.04’ —2.7' 


Jar, 


(2) 


For example, to approximate the smallest: angle in the familiar 3, 4, 5 tri- 
angle, we should have 


3 258° 
3 A =(—}(172°) = = 36°51.4’. 
== 


The true value from tables is A =36°52.2’. Thus the accuracy is better than 
could be obtained from a slide rule, and does not require trigonometric scales. 

The following considerations led to the discovery of this approximate for- 
mula. It can be seen, either from tables or from a consideration of power series, 
that the radian measure of a small angle lies approximately one-third of the way 
from the sine to the tangent. However, this approximation is obviously not valid 
for angles near 90°, since the tangent becomes infinite. Suppose therefore that 
we try to use not the arithmetic but the harmonic average of sin 6 and tan 0, 
weighted two to one, and see if it is a good approximation to the radian measure 
of an angle 6. We then have 
(4) 3 1 1 1 

@ (radians) sin sin 6 tan 6 


For 6=7/6 radians, we have the approximation 
(4a) 18/x = 5.732, instead of the true value 5.730, 
whereas for 6=7/2 radians, we have 


622 


| 


CLUBS AND ALLIED ACTIVITIES 


(4b) 6/m = 2, instead of the true value 1.910. 


If we let A=(6/mr) 180°, so that A is measured in degrees, and if we write 
sin A =a/c, tan A =a/b, then formula (4) becomes 


or 
a 540° a 
A (d = —= 171.88°). 


This formula is extremely accurate for angles less than 20°, but always gives 
too small a value. We therefore increase the numerical coefficient slightly from 
171.88° to 172°. This is easier to work with numerically, and gives a better fit 
above 30°, without greatly increasing the error for angles less than 30°. Thus 
we arrive at formula (1). 

The correction for formula (1) which is the negative of the error in table (2) 
is yery closely given by the expression: 


(7) Correction for formula (1) in minutes = —1.2’(4 /30°)+0.8’(A /30°).° 


It is suggested that this formula (1) might be used to advantage on slide 
rules having no trigonometric scales, for the purpose of solving right triangles 
when two sides are known, if the third side is first obtained iad the Pythagorean 
theorem. (See this MONTHLY, vol. 50, p. 55.) 


CLUB REPORTS 1942-43 
Harvard Mathematical Club, Harvard University 


The following talks were presented at the meetings of the club in 1942-43: 
The reversibility paradox of hydrodynamics, by Professor Garrett Birkhoff. 
Picturing surfaces in four dimensions, by Professor Hassler Whitney. 
Mathematics in Mexico and South America, by Professor G. D. Birkhoff. 

A proof of Stone’s representation theorem, by Leon Kruger. 

Construction of measures, by Dr. Edwin Hewitt. 

Carrolean Sorites, by Robert Buck. 

A random series, by Dr. Harry Pollard. 

Projective geometry, by Lindley Burton. 

Graduating statistical series, by Robert Hoskins. 

Groups as algebras of a single operation, by Jeremiah Certaine. 

Hilbert’s seventh problem, by Michael Norris. 

Lebesgue integration, by Matthew Gaffney, Jr. 

Recipients of the Robert Fletcher Rogers Prizes for the best student talks 
were Mr. Gaffney ($35) and Mr. Burton ($15). Officers for 1942-43 were: Presi- 
dent, Michael J. Norris; Vice-President, Robert H. Hoskins; Secretary, Joseph 
A. Zilber; Treasurer, Lindley Burton; Faculty Adviser, Professor G. D. Birkhoff. 
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‘Mathematics Club, University of Kansas 


The Club’s meetings for the year 1942-43 were divided into two parts. 
During the first semester the meetings featured talks by faculty members, 
while during the second semester the speeches were given by undergraduates. 
The annual fall picnic opened the Club's program, which ended with the annual 
spring picnic at which prizes for the best speeches were Awarded and the officers 
for the coming year were announced. Meetings were held every two weeks dur- 
ing the school year. The faculty speeches were: 

Navigation, by Professor N. W. Storer. 

Cryptography, by Professor G. W. Smith. 

Probability in artillery fire, by Captain E. E. Baker, CAC. 

Some strange phenomena of quantum mechanics, by Dr. L. N. Liebermann. 

A problem in convex sets, by Professor G. B. Price. 

The undergraduate speeches included the following: 

Some problems in naval gunnery, by Harwood Kolsky. 

Squaring a circle, doubling a cube, trisecting an angle, by Jean Bartz. 

Electricity and imaginary numbers, by Howard Barnett. 

Curve fitting, by John Yarnell. 

Ancient mathematical puzzles, by Mary Steel. 

A mathematical approach to physics, by Rachel Ragel. 

Prizes were offered by members of the mathematics department to the three 
best student speakers. To Harwood Kolsky was awarded the first prize: a copy 
of Men of Mathematics by E. T. Bell, donated by Dean E. B. Stouffer. To 
Howard Barnett went the second prize: a copy of What is Mathematics by 
Courant and Robbins, donated by Professor J. J. Wheeler. To Mary Steel 
was given the third prize: a copy of Amusements in Mathematics by H. E. 
Dudeney, donated by Professor P. O. Bell. The officers for this past year have 
been: President, Harwood Kolsky; Vice-President, Jean Bartz; Secretary- 
Treasurer, John Yarnell; Social Chairman, Virginia Stephenson and Rachel 
Ragel; Faculty Adviser, Professor P. O. Bell. 


| Mathematics Club, Iowa State College 


The Club held seven meetings during the school year. 

Integral Calculus, a movie, showed pictorially how volume enclosed by sur- 
faces is found by integration, and was a valuable aid in clarifying the integra- 
tion process for the student of integral calculus. 

The operation of statistical machines was the subject of a demonstration meet- 
ing which focused attention on the place of statistics in a nation at war. At 
several of the meetings word problems were given which illustrated the topics 
discussed. Those present participated actively in solving these problems. The 
meetings were well attended. The Program Committee consisted of Glee 
Barth, Joe Elliot, William Slaichert, Eleanor Hoeflin and Marian Carlin. The 
Faculty Adviser was Mr. Fred Robertson. 
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Pi Mu Epsilon, University of Nebraska 


Less leisure time than usual for most of the students resulted in fewer meet- 
ings of our chapter this year. Activities for the year included three program 
meetings, a social meeting, the annual initiation banquet, and a spring picnic 
and initiation. Following the usual custom, competitive examinations in analyti- 
cal geometry and in calculus were held. The winners, Walter Koenig and Nor- 
man Zabel, were each awarded ten dollars. 

At the beginning of the second semester, a new plan was started to stimulate 
interest in mathematics. Each week five problems of varying difficulty were pro- 
posed for solution. These problems were posted on the bulletin board under their 
proper heading: 7.e., calculus, analytics, trigonometry, algebra, or general. The 
solutions were discussed at the regular meetings. 

Programs included the following topics: 

La Place transformation, by Lloyd Jackson. : 

The solution of problems in electrical circuits and transmission lines by the 
La Place transformation, by J. R. Parker. 

The Hatchet planimeter, by Kotaro Murai. 

‘ Officers were as follows: Director, Herman Krueger; Secretary, Marcia Beck- 
man; Treasurer, William Ruyle. 


Mathematics Club, Wayne University 


The Mathematics Club at Wayne University held regular meetings through- 
out the year on the average of one every two weeks. Its aim is to assemble all 
students who are interested in mathematics so that they can get acquainted. 
This was accomplished by our meetings which consisted of academic papers and 
social affairs. The outstanding topics discussed were: 

The impossibility of the trisection of an angle, by Jane Cronin. 

Courses in mathematics, by Dr. M. Coral. 

Mathematics in map making, by Robert Walton. 

Casting out nines, by Aline Hochberg. 

The cube root of a number, by Leonard Antel. 

On May 23, 1943, we held our annual picnic to which the mathematics pro- 
fessors and their families were invited. A sack race was held with professors 
and students competing for a pound of coffee—a student won. With too much 
to eat and lots of fun, the picnic ended with everyone sitting around a campfire 
singing college songs. Besides the annual picnic, the Club had a Christmas tea, 
an informal evening at the home of the faculty adviser, and an Easter party at 
the home of the new president. The officers for 1942-43 were: President, Evelyn 
Kurz; Vice-President, Robert Walton; Secretary-Treasurer, Myrtle Keryluk. 
Those for 1943 are: President, Myrtle Keryluk; Vice-President, Dick Kuba; 
Secretary-Treasurer, Aline Hochberg; Publicity Chairman, Natalie Costrell; 
Faculty Adviser, Dr. K. W. Folley. 
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Pi Mu Epsilon, University of Wisconsin ~ 


A lantern demonstration of plane and twisted curves in space was presented by 
Dr. Florence E. Allen and Professor Paul L. Trump at the opening meeting. 
Later meetings included the following talks: 

Use of matrices in solving linear equations, by Dr. R. H. Brucks. 

Mathematical problems pertaining to the unsteady state of heat flow, by Mr. 
George Thodos. 

Boolean algebra, by Mr. Robert Simpscn. 

The theory of counting, by Professor L. W. Cohen. 

Mathematics in European universities, by Professor S. M. Ulam. 

A Christmas party was held, and in January fifty new members were ad- 
mitted at an initiation banquet. A very interesting paper was read at this meet- 
ing, entitled 

Sir Isaac Newton, by Professor R. E. Langer. 

The winners of the competitive mathematical examination sponsored by the 
chapter were Warren Young, first prize, and David Herwitz, second. Officers 
for the year were: President, Arne V. Larson; Vice-President, Anne Braun; 
Treasurer, Henry Rogers; Secretary, Betty Lohr; Faculty Adviser, Professor 
J. F. Kenney. 


Kappa Mu Epsilon, Upsala College 

Nine meetings were held throughout the year. At seven of these meetings 
papers and reports were given by the members and at two meetings the chapter 
had outside speakers. The topics discussed by the members were: 

Why teach mathematics? by Phyllis Gustafson, the president. 

A proof from Weierstrass, by Joseph Prieto. 

The divine proportion in classic art, by Elizabeth Ebel. 

Sources of Euclid, by Marjorie Wolfe. 

The history of pi, by Zelda Meisel. 

Statistical research, by Hirsch Geller. 

At the special midyear meeting the chapter heard an instructive lecture with 
many visual illustrations from the field of nature and art, entitled 

Dynamic symmetry, by Professor William O’Brien of Newark, New Jersey. 

On June 3 the society had its annual banquet and initiation of new members. 
The guest speaker was Mr. Michael McGreal, Principal of the Barringer High 
School, Newark, who discussed certain problems of teaching high school mathe- 
matics. Also at this meeting the officers for the year 1943-44 were installed. 
They are: President Thales, Zelda Meisel; Vice-President Apollonius, Joseph 
Prieto; Secretary Abel, Elizabeth Ebel; Treasurer Fibonacci, Lillian Meisel; 
Historian’, Gauss, Marjorie Wolfe; Corresponding Secretary Descartes, M. A. 
Nordgaard. 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of 
the other editors or officers of the Association. 


Mathematics Dictionary. By Glenn James and R. C. James. Van Nuys, Cali- 
fornia, The Digest Press, 1942. 5+259+22 pages. $3.00. 


Mathematics Dictionary. Revised edition., 1943, 8+-274+46 pages. $3.00. 


The Mathematics Dictionary is a handy reference book of definitions, formu- 
las, and tables, covering mathematical topics in arithmetic, algebra, Euclidean 
and projective geometry, plane and spherical trigonometry, mathematics of 
finance, statistics, analytic geometry and calculus. Definitions are couched in 
language suited to the mathematical maturity of the reader who might require 
them. No attempt is made to cover mathematical terms which arise in advanced 
mathematical studies beyond the college level, although a few of these words are 
included. Related concepts are defined together, and illustrative examples are 
given which are very helpful in clarifying the meaning of technical terms. Many 
of the definitions in analytic geometry are illustrated by figures which, with one 
or two exceptions (e.g., the cubic curve y=kx*), are accurately and clearly 
drawn. The appendix includes tables of logarithms, trigonometric functions, 
compound interest and annuities, mortality, squares and cubes (and a partial 
list of square roots and cube roots), denominate numbers, differential and in- 
tegral formulas, and a list of mathematical symbols. 

The revised edition shows a marked improvement over the first edition, 
because of its clearer typography, because of its more adequate tables in the 
appendix, because of many improved definitions and illustrative examples, and 
because of the elimination of many errors. In the first edition the reviewer 
noted over a hundred errors, varying from misprints to inadequate or faulty 
definitions. About half of these have been corrected in the revised edition. 

Of the errors in the revised edition, the following appear to be the most 
serious. 

(1) The word harmonic, which has so many connotations in mathematics, 
seems to be unfortunate in the treatment it has received. Although La Place’s 
equation is defined, no mention is made of the fact that its solutions are called 
harmonic functions. Instead, a harmonic function is said to be the same as a 
compound harmonic function and is defined to be a trigonometric polynomial. 
Furthermore, harmonic conjugates with respect to two points are defined to be 
“the two points which divide the line through the two points internally and externally 
in the same ratio”, rather than “any two points which divide... .” 

(2) Stirling’s formula, or series, is defined to be the same as Maclaurin’s 
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series. No mention is made of the important approximation m!~(27n)"/2(n/e)”, 
which is commonly called Stirling's formula. 

(3) The definitions given for certain terms used in navigation, such as knot, 
middle latitude sailing, triangle of plane sailing are questionable. Although cer- 
tain text book writers may perhaps be found who would refer to knots per hour, 
the reviewer feels that a knot is a unit of speed, and should never be defined to be 
“the same as a nautical mile,” as is done in this Dictionary. In discussing the 
triangle of plane sailing it should be the departure, rather than the difference in 
longitude, which is taken as the east-west side of the right triangle. Middle 
latitude sailing does not consist in “sailing on the middle latitude of two places,” 
as the Dictionary avers, but in computing the departure along the middle lati- 
tude parallel between the meridians of the two places. 

(4) Unit density is defined to be “the density of some volumetric unit; same 
as the density of the entire body when the density is constant” . . . rather than 
“the density of a substance whose mass is numerically equal to its volume.” 

(5) The tractrix is defined to be: “the evolute of the catenary; a curve the lengths 
of whose tangents are equal.” However, the evolute of the catenary does not 
have this stated property, and is not called a tractrix, so far as the reviewer is 
aware. 

(6) In several places throughout the Dictionary, reference is made to the 
inverse trigonometric functions, but in most of these places no mention is made 
of radian measure except in referring to the graphs. However, under the topic: 
Value—principal value of an inverse trigonometric function, we find the state- 
ment that “the principal value of the arc-sine is between —7/2 and 7/2,” and 
then “e.g., the principal value of sin~1(1/2) is 30°.” The reviewer feels that ra- 
dian measure should be used throughout in the principal definitions of these 
functions, and that sin-!(1/2) =7/6. 

Certain matters on which there may be a difference of opinion seem worthy 
of mention. 

(7) Although under circular, a circular cylinder is defined to be a cylinder 
whose right section is a circle, a circular cone is defined to be a cone whose base 
is a circle. Granted that the latter definition was used by the ancients, certain 
modern authors prefer to define a circular cone to be a cone of revolution, and 
the reviewer feels that this definition should also be mentioned, if only to be 
consistent with the definition given for the circular cylinder. 

(8) The matrix seems to receive inadequate treatment as compared with the 
determinant. Multiplication of matrices is a more fundamental concept than 
multiplication of determinants, and skew-symmetric matrices than skew- 
symmetric determinants, yet multiplication and skew-symmetric are here de- 
fined for determinants and not for matrices. The reviewer feels, even though 
many authors of texts may disagree, that a square array of elements in rows 
and columns should be called a matrix and not a determinant, and that the 
determinant should be defined to be a certain polynomial formed from the ele- 
ments of a square matrix, rather than the “symbolic representation” thereof. 
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(9) The reviewer agrees with the editors of the Dictionary that the right- 
handed coordinate system in space is preferable to the left-handed system, but 
feels that in defining the trirectangular trihedral it should not be stated that 
the determinant of the three sets of direction cosines is +1 when the trihedral 
is right-handed, but rather when it has the same orientation as the axes. The same 
criticism applies to the definition of the vector product of two vectors. 

* (10) In the definitions of inequality and of greater and less, the expressions 
positive number not zero occur. It would seem that not zero is superfluous in 
referring to positive numbers. 

(11) In defining a power of a number, we read “power is sometimes used in 
the same sense as exponent.” The reviewer agrees that the word is sometimes 
used carelessly in this sense, but feels that the Dictionary should not sanction 
this usage, nor use it in the definition, under laws of integral exponents, where it 
says: “to raise to a power multiply the exponent by the power”. 

(12) Although a good table of Denominate Numbers is given in the Ap- 
pendix, there is no way by which the reader can find in this Dictionary the rela- 
tionship between avoirdupois and troy weights, each of which uses the grain, 
the ounce, and the pound, but obviously not all with the same meaning in both 
systems. It would be of interest, perhaps, to point out that a pound of feathers 
weighs more than a pound of gold, but an ounce of gold weighs more than an 
ounce of feathers, since avoirdupois weight is used for feathers, but troy weight 
is used for gold. 

Attention might be called to some misprints and errors found in the revised 
edition. (Numbers refer to pages.) , 

(22) Bessel functions: the exponent x(¢—1/t) should read x(t—1/t#)/2. 

(58) Cubical: the cubic graph y = kx* should be tangent to the x-axis. 

(77) Significant digits: the last digit to the right is not necessarily signifi- 
cant when it is a 0 preceding the decimal point. 

(85) Double root: («—r) should read (x—r)?. 

(95) Irrational equation: /x+1=+/x-+2 is a poor illustration, since it has 
no roots. 

(103) Fermat’s theorem: read a?! in the formula a*-!=1 (mod p). 

(105) Half-angle formulas: the formula tan 34 =(1—cos A)/sin A should 
be included. 

(116) Gravitational constant: the letter g is more commonly used to mean 
the acceleration of gravity than to mean the constant in the equation 
F=gmym:2/r*, as here defined. 

(118) Half-angle formulas of spherical trigonometry: in the given formula 
tan }a=r/sin (s—a), it would be preferable to use tan r instead of r, so that r 
would then be the inradius, as it is in the analogous plane formulas. Similarly, 
if R were replaced by tan R in the half-side formulas, the new R would be the 
circumradius and would have geometric significance. 

(119) Simple hexagon: co-linear should read collinear, to be consistent with 
the spelling elsewhere. 


- 
' 
ie 


630 RECENT PUBLICATIONS (December, 


(130) N-scribed: should read inscribed. 

(138) Closed interval: Usually denoted by [a, 5] rather than (a, 6). The 
latter refers to an open interval. 

(142) Kepler’s laws: area should read areas. 

(148) Limagon: read a instead of 2a in second line. 

(148) Limit: read 0<|x—a| <6 instead of |x—a| <6. 

(157) Mathematical induction: last line of definition should read “true for 
all positive integral values of n.” 

(158) Maximum: the slope may change sign without being zero or infinite 
if the function has a discontinuous derivative. 

(158) Maximum, and (166) Multiple: instead of “first derivative which is 
not zero” or “first derivative of which it is not a root,” read “derivative of 
lowest order which is.. .” 

(160) Mean value theorem or the law of the mean: continuity of derivative 
should be explicitly required. 

(168) Napier’s analogies: Letters a, 8, y are used here for angles, whereas 
A, B, C are used in Gauss’ formulas (112). Uniformity of notation would be 
preferable. 

(188) Planimeter: Not synonymous with polar planimeter, since there are 
planimeters of other types. 

(199) Probability curve: exponent —h?(y—A)?* should read —h?(x—A)?. 

(209) Ratio: the six values of the cross ratio of four points are not all distinct 
when the values are complex cube roots of unity. 

(210) Rationalize: the given example ~x—1=x+2 has only an extraneous 
root, and is therefore an unfortunate choice. 

(213) Reduction to normal form: to be consistent with earlier definitions, 
use w in place of @ in the equation of the line. 

(216) Repeated: “a dice” should read “a die.” 

(220) Rule: Descarte’s should read Descartes’. ; 

(222) Second: not “one three hundred sixtieth part of a degree.” (1/3600). 

(225) Bounded sequence: last word should be terms, not term. 

(237) Solution of trigonometric equation: poor definition. The equation 
6=cos 8 cannot be solved according to the method given. 

(237) Species: a right angle is sometimes considered to be a third species 
in addition to acute and obtuse angles. . 

(245) Surface integral: the factor sec 8 is omitted in the displayed integral. 

(250) Tangent to a circle: read “a straight line,” not “the straight line.” 

(252) Taylor's theorem: Read |y—d| instead of |x—b| in the fourth line 
of the page. 

(261) Trigonometric curves: the cotangent is omitted by mistake. 

(265) Uniform scale: reference to logarithmic paper may be misleading. 

(269) Vector components: the word parallelepiped is misspelled. 

(273) Zero of a function: the sign + is used for = in two places. 
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APPENDIX: 

(30) 6,085 feet is not a nautical mile. . 

(31) 69 miles is not exactly one degree. of latitude. 

Write 1 U. S. gallon =231 cu. in., since the imperial gallon is different. 

Include “equinox year” and “nickel” among definitions. 

(43) The three cube roots of unity are often written 1, w, w?. 

Read 2 for z. 

Read “modulo p” instead of “modulus p.” 

(44) sinh~'x is not an angle. 

The reviewer would like to see the following words or phrases listed in the 
Dictionary if and when another revised edition is printed: 

Average rate, characteristic equation (of a matrix), coset (of a subgroup) 
dummy index, equation of time, quire. 

The misprints and errors which have been mentioned above are regrettable 
but they do not alter the fact that the Mathematics Dictionary is a useful refer- 
ence book for terms used in high school or college mathematics. The Dictionary 
does not pretend to serve the needs of the mathematician engaged in graduate 
work or research. The editors are to be congratulated for having taken the first 
difficult steps towards a standardization of mathematical terminology. 

J. S. FRAME 


A First Course in Mathematics for Students of Engineering and the Physical 
Sciences. By Edward Baker. New York, D. Van Nostrand Company, 1942. 
13 +295 pages. 


This text presents the topics ordinarily studied in a freshman course of 
“general mathematics” as offered by most colleges. The treatment, however, is 
.not the purely conventional one; an effort is made, by a shift of emphasis, to 
meet the needs of students intending to specialize in engineering or in the 
physical sciences. 

Simple vector notions in the plane are explained at the start, and are later 
used, to a limited extent, in deriving formulas of trigonometry and of plane 
analytic geometry. The importance of the formulas of analytic trigonometry in 
transforming and simplifying expressions and equations, especially those arising 
in the sciences, is very neatly and commendably emphasized ; but more exercises 
might well have been provided to illustrate such transformations. The sections 
dealing with triangulation are merely adequate, and not, as is often the case, 
overexpanded; quite enough is presented to meet all practical requirements. 
The analytic geometry of the plane receives somewhat less attention, in certain 
respects, than is usually accorded to it in over-all survey courses normally taken 
by freshmen not majoring in mathematics or the sciences. One wonders why 
space is provided for even a cursory analysis of the general equation of a conic 
section, rectangular Cartesian coordinates, in a text which does not discuss 
tangent lines to any plane curve at all—not even in the too brief and sketchy 
penultimate chapter devoted to the most rudimentary ideas and operations of 
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the calculus. In the reviewer’s opinion, the determining of plane curves which 
represent geometric loci, and the sketching of such curves from their equations, 
should not have been relegated to the last of the chapters dealing with plane 
analytic geometry, and should have been handled much more expansively. The 
author appears to regard as unimportant, for first-year science students, the 
eccentricity and the directrices of the ellipse and the hyperbola; and the re- 
viewer is inclined to concur in this judgment. 

The problems listed for solution constitute an outstanding and very attrac- 
tive feature of the book. They are drawn, in large proportion, from various 
fields of physical and engineering science, and illuminate in a highly stimulating 
manner the practical significance and scope of even a first course in college 
mathematics. Numerous problems were evidently selected with the definite 
object of developing greater dexterity in arithmetic and algebraic manipulations 
than most of our non-engineering freshmen attain, or are capable of attaining in 
their abbreviated courses, in these days of “progressive” hop-skip-jump-and- 
skid elementary and secondary training. Consider, for illustration, the follow- 
ing problem, which is not at all among the most interesting proposed but would 
certainly have paralyzed most of the freshmen whom this reviewer has enter- 
tained in the classroom in recent years: “An empirical formula for the drop in 
temperature of a gas passing through a flue is _ 


Ti Te 
ln In —IlInIn (=) = ML. 
ty ty 


Show that 


Calculate 7; for 4,=1000 degrees absolute, 7,;=800 degrees absolute, and 
ML=1,5.” 

An instructor not versed in engineering lore would probably appreciate 
amplified information concerning the physical interpretations of all constants 
and variables occurring in problems of this type. In the problem quoted, he 
might guess the meanings of the mysterious M and L; but in many of the other 
problems stated such guessing would be futile. 

The typography and the set-up of pages are attractive, and make this text 
exceptionally readable. A first edition may be expected to show misprints, but 
the only really unfortunate and confusing one which the reviewer has observed 
is found in the last equation on page 158. The instructor will undoubtedly have 
to come to the student’s rescue at that spot. He may also be called upon to sup- 
plement the argument there presented by explaining an elementary point of 
number theory which is assumed without comment. In the statement of the 
Remainder Theorem for polynomials, as given on page 156, the word “numeri- 
cally” is misleading and should be deleted. It is inadvertently asserted, on page 
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226, that “any equation of the second degree (in two variables) represents an 
ellipse, a hyperbola, or a parabola.” This assertion, and that made in the last 
sentence of the same paragraph, will of course receive, in a second edition, the 
necessary reupholstering and repair. 

The omissions noted, and one or two others, are very satisfactorily offset by 
several unusual inclusions which are of direct interest to the prospective student 
of science. Moreover, the author's style is fluent, clear, and pleasing. This book 
may be recommended for use with classes in which smooth and rapid progress is 
sought—with no “bogging down” anywhere. It is really a good contribution to 
the current war effort in education. L. S. Fase. 


PROBLEMS AND SOLUTIONS 


EDITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. COXETER 


ELEMENTARY PROBLEMS 


' Send all communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 24 Strathearn Boulevard, Toronto 10, Canada. 

The department of Elementary Problems welcomes problems believed to be new, and 
demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 596. Proposed by W. C. Rufus, Observatory of the University of Michigan 


A square phalanx of less than five million soldiers was reinforced by ten 
equal squares and then formed a square of over ten million which could be 
divided into 400 equal squares. The reinforced army was less than three times 
the original. How many soldiers were in each of the 400 squares? 


E 597. Proposed by V. T hébault, San Sebastién, Spain 

Let P be any point in the plane of a triangle ABC. Let (U), (V), (W) denote 
the circles BCP, CAP, ABP, and (U’), (V’), (W’) their images by reflection 
in the respective sides BC, CA, AB. Also let u, u’ be the powers of A with re- 
spect to (U), (U’), and let »v, v’, w, w’ be defined analogously. Show that the 
circles (U’), (V’), (W’) are concurrent, and that 

E 598. Proposed by H. S. Wall, Northwestern University 
Let gi, g2, gs, °° * be any numbers such that 


lim gp = }. 


Prove that 
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E 599. Proposed by U. P. Davis, University of Florida 


In how many different ways can 3m objects be arranged in a circle, if there 
are n different kinds, 3 of each kind? 


E 600. Proposed by J. H. Butchart, Grinnell College 


If the radii of the fixed and rolling circles are a and b respectively, the length 
of one arch of an epicycloid is 8(a++b)b/a, and the area bounded by one arch and 
the fixed circle is 


a(3a? + 8ab + 4b?)b?/a(a + 26). 
Corresponding formulas for the hypocycloid are obtained by changing the sign 
of b. Prove these results synthetically. 
SOLUTIONS 
A Triangle of Small-circular Arcs 


E 559 [1943, 120]. Proposed by M. A. Sadowsky, Illinois Institute of Tech- 
nology 


Let a, b, c be non-negative numbers satisfying a?-+b?+c? <1. Prove that the 
three planes x =a, y=6, z=c will cut out from the first octant of the unit sphere 
x?+-y?+2?=1 a curvilinear triangle of area 

— — b — cc) + a(arc sin + arc sin cq) 
+ b(arc sin cy + arc sin ap) 
+ c(arc sin a, + arc sin b,) 

— arc sin b,c, — arc sin ¢,a@, — arc sin ab,), 


where a, stands for a/./1—B, and so on. 
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Solution by E. P. Starke, Rutgers University. The standard method for es- 
pressing the area of the given curvilinear triangle as a double integral gives 


y? 


Performing the first integration, we have 


V b 
(1) A -{ (ax cos ————— — arc sin —-*--) dx. 
a V1 — x? V1 — x 
The final integration is effected by use of the formula 
x 
ff are cos ————— dx = x arc cos — — ¢ arc sin ———— 
v1— V1 — x? 
cx 
+ arc sin 
— x? 


and, an analogous formula for the second term of (1). Using these and substitut- 
ing the limits in (1), we find, after rearranging terms, 


vi-#—¢ 
A = arcsin + arc sin 
Vb? + — 
— care sin ———————— — 9 arc sin 
(2) V1 — 3? 


— aarc cos ¢,+c arc sin a, + aarc sin b, 

+ b arc sin a, — arc sin a.¢, — arc sin a@5b,. 
If the first two terms of (2) are combined as (47—arc sin b,cs), and the next 
three terms are written as 

— c(}m — arc sin — — arc sin cy) — — arc sin 
we have the proposed form for the area A. 
Also solved by W. E. Biker and Eugene Sherwood (together). 
Parallel Simson Lines 


E 561 [1943, 200]. Proposed by Howard Eves, Syracuse University 


Given two triangles inscribed in the same circle and such that the Simson 
lines with respect to one triangle of the vertices of the other are concurrent (as 
in E 535), prove that the Simson lines with respect to the two triangles of a 
point on the common circumcircle are parallel. 


Solution by the Proposer. From the lemma of E 535 [1943, 261] we see that 
the theorem is true for the point A. The theorem then follows for any other point 
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on the circumcircle by the first corollary of art. 326 in R. A. Johnson’s Modern 
Geometry. 


A Perfect Square with Nine Different Digits 
E 562 [1943, 200]. Proposed by V. Thébault, San Sebastién, Spain 


Find a number of the form ab0cd whose square contains the nine digits 
1, 5,4, 7, 9. 


Solution by M. L. Constable, Philadelphia. Since the square is less than 
987654321, the number lies between 10234 and 31098. Since the sum of the digits 
is 45, the square is divisible by 9, and the number by 3. Therefore, of the 126 
possible combinations of these nine digits taken four at a time. we select the 42 
whose digit-sums are divisible by 3. We form the permutations of these combina- 
tions, reject those greater than 3198, and insert a zero in the third place of each 
one remaining. Now we note that, because of the zero in ab0cd, the last three 
digits of its square will be found in the last three digits of the first hundred 
squares. Therefore a table will show that cd cannot be any of 


12, 15, 21, 26, 32, 35, 38, 45, 46, 47, 48, 49, 51, 52, 53, 
62, 63, 64, 65, 71, 76, 78, 83, 84, 85, 92, 95, 97, 98. 


We square the remaining numbers, and find that the squares of 
18072, 19023, 23019, 29034 


are respectively 326597184, 361874529, 529874361, 842973156. 

Also solved by W. E. Buker, C. W. Emmons, Alexander Russ, E. P. Starke, 
Alan Wayne, and the proposer. Wayne points out that the second and third 
solutions show an interesting “inversion” in the digits of the numbers and of 
the squares. 


A Hyperbolic Group of Lines 


E 563 [1943, 200]. Proposed by N. A. Court, University of Oklahoma 

Let A’, B’, C’, D’ be the antipodes of the circumcenter O of a tetrahedron 
ABCD on the respective spheres OBCD, OCDA, ODAB, OABC. Show that the 
lines AA’, BB’, CC’, DD’ are generators of a quadric. May this quadric be a 
cone? 


Solution by the Proposer. The antipodes A’ of O on the sphere OBCD is the 
point common to the three planes perpendicular to the lines OB, OC, OD at the 
respective points B, C, D. But these three planes are the tangent planes at 
B, C, D to the circumsphere of ABCD; hence A’ is a vertex of the tangential 
tetrahedron of ABCD. Thus the line AA’ and the three analogous lines BB’, 
CC’, DD’ join the vertices of ABCD to the corresponding vertices of its tangen- 
tial tetrahedron. The proposition now follows from art. 322 of the proposer’s 
Modern Pure Solid Geometry. 

The four lines will be concurrent if the tetrahedron ABCD is isodynamic 
(ibid., pp. 280, 281). 


> 
: | 


1943] PROBLEMS AND SOLUTIONS 637 


A Question of Divisibility 
E 564 [1943, 200]. Proposed by Ivan Niven, Purdue University 
Let a, b, and m be any positive integers such that divides a*—b*. Prove 
that divides 


Solution by the Proposer. Denote a—b by c. Let p™ be the highest power of 
a prime p which divides n. If p does not divide c, we can ignore it. If p divides c, 


we write 
1 


c i=1 


and show that p” divides each term of this sum. Since (7) is a multiple of a 
divided by i!, we need prove merely that p divides c‘—! to as high a power as it 
divides i!. Now the number of times p divides 1! is evidently 


~ 
Noting the strict inequality in the first step, we find that our proposition is 
proved, because p*—! divides c*-!, by hypothesis. 

Also solved by E. P. Starke and (incompletely) by R. K. Allen, D. H. 
Browne, Thor Eriksson, and Joseph Rosenbaum. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, 
Washington University, St. Louis, Mo. All manuscripts should be typewritten, with double 
spacing and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated, if, on sending in problems, 
proposers would also enclose any solutions or information that will assist the editors in 
checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the Asso- 
ciation in the solution of such problems. 


PROBLEMS FOR SOLUTION 
4101. Proposed by R. C. Buck, Harvard University 


Show that 
(1, (1, 2), (1, 
D(n) (2, (2, 2)’, Tri (2, 


(nm, (n, 2), (n, 


where (i, 7) means the greatest common divisor of the integers 4, 7. 
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4102. Proposed by Hiiseyin Demir, Columbia University 

Let O and IJ be respectively the circumcenter and incenter of a given tri- 
angle ABC. Let Ao, Bo, Co be points taken respectively on BC, CA, AB so that 
the sums of the algebraic distances of each point to two other sides are equal to 
a given length /. Prove synthetically that: (1) The points Ao, Bo, Co are collinear; 
(2) The sum of distances to the sides of ABC of points on A¢BoC> is the con- 
stant /; (3) the line ApBoCo is perpendicular to the line OJ. 

4103. Proposed by V. Thébault, San Sebastién, Spain 

In the system of base n+1 the product P=N-L is formed where the num- 
ber N of n—1 digits in descending order is n(m—2)(n—3) - - - 321, and L is 
less than n and prime to n. If we have L <n/2, then the product P has n distinct 
digits chosen in suitable order from 0, 1, 2, - - - , m, and the missing digit is m —L. 
If L>n/2, the digit »—1 appears twice in P, and the missing digits are » and 
(n—1-—L), the remaining digits being distinct. 

Dedicated to E. P. Starke. 

SOLUTIONS 
Perfect Squares 
4048 [1942, 479]. Proposed by V. Thébault, San Sebaslién, Spain 


Find a number of six digits N =abcdef such that the product NN’ is a perfect 
square, where N’ =defabc. 


Solution by Daniel Finkel, Mt. Rainier, Md. Let x and y be three digit num- 
bers such that (108x+-y)(10%y-+~) =z? where z is an integer. Solving for x we have 


(1) 2000x = — (10° + 1)y + [(10® — 1)2y? + 4000z?]?/2. 
In order to make x rational, set 
[az + (10° — 1)y]? = 40002? + (10° — 1)?y?; 
and we then find that 
2a(10® — 1)y az — 2y 
4000 — a? 2000 
10° — 1 = 27-37-7-11-13. 


» 63, 
(2) 


We now investigate the conditions under which 4000 —a?, with a an integer, 
may have for a factor one of 7, 11, 13, 37. Since 4000 =3 mod 7 and 3 is nota 
quadratic residue mod 7, the number 7 cannot be a factor for any value of a; 
and similarly 11 cannot be a factor. We then find that 13, 37 will be factors re- 
spectively for 


a= + 3mod 13; a= + 2mod 37. 
Hence the possible values for a are 
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a = 2, 3, 10, 16, 23, 29, 35, 36, 39, 42, 49, 55, 62. 


Upon trial a solution is found for a=16 giving s=8547y, x =547y/8; and then 
setting y =8 we have the solution 


N = 547008, N’ = 8547, 2 = 68376. 


Editorial Note The trivial solution x=y is given by a=2. For a=3 we get 
x=692, y=307, z=461538, which is the solution given by the proposer without 
indication of his method of deduction. For a=10 we find that x=641, y=25, 
2= 128205. 

Identities in Cotangents 
4050 [1942, 549]. Proposed by Arnold Dresden, Swarthmore College ° 


If a1, d2, « + + , @, are m distinct complex numbers, ”>1, such that no two dif- 
fer by a multiple of 7, prove that 


n n n 

I] a) = sin — 

kel 2 

Solution by the Proposer. For n=2 the formula is true, since cot (ai:—as) 

+cot (a2—a:) =0=sin Suppose that it is true for n=2, 3, k; we shall 
prove that then it is true also for n=k+1. For we have then 


k k k 
(1) cot (a1 — aey1) cot (a; — a) = sin cot (a1 — x41), 
j=l tol, 2 
k+1 k k 
(2) TI cot (a1 — a) + >> cot (a; — a1) cot (a1 — cot (a; — a) 
j=? im, gt 


kr 
= sin cot (a; — x41). 


Since cot P cot Q=1+cot (P+Q) [cot P+cot Q], the second term of (2) becomes 
after setting P=aj;—ai1, 41, 


k k k k+1 
Il cot (a; — + II cot (a; — 


(3) 


k+1 


+ cot — ae41) > I] cot (a; — a). 


The first term of (3) is equal to sin (k—1)2/2, and the third term is equal to 


kr 
cot (a1 — sin = — JJ cot — a) |. 


Hence we have after collection of terms 
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k k+1 k _ 1 
I] cot (a; a) + 
j=l 


+ cot (a; — + II cot — 
t=2 
k+l k+1 1 k+1 


j=l 


and the induction proof is complete. 


Identities in Cotangents 
4051. [1942, 549]. Proposed by Arnold Dresden, Swarthmore College 


If a2, + +, @, are m distinct complex numbers, »>1, such that none of 
them and none of the differences is a multiple of 7, show that 


n+ i 
> cot a; II cot (a; — + (- cot a4; = sin ————— 
j=1 i=1 2 
Solution by the Proposer. Since cot (a:—da2) [cot az—cot a:]=1+cot a; cot ae, 
the formula is true for 7 =2. Suppose that the formula holds for n=2, 3,---,k, 
then we have from the formula in 4050 


k+1 k+l k +. 1 
(1) > cot a: [] cot (a; — a) = sin Ske cot a, 

j=l im, 2 

k+1 k+1 k+1 
cot a1] [ cot (a1 — a) + >> cot aicot (a; — a1) J] cot (a; — 
= sin cot a. 


Since cot (aj—a1) cot a,=1+cot a; [cot (aj;—a;)+cot a], the second term of (2) 
becomes 


k+1 k+1 k+1 k+1 


II cot (a; a) + Scot a; [] cot (a; — a) 
k+1 k+1 
+ cot a:>, cot a; [[ cot (a; — a). 
j=2 


The first term of (3) is equal to sin k/2 from the formula of 4050, and by the in- 
duction assumption the third term is equal to 


-(- cot a. 


cot a; [sin 


Hence we have after collection of parts and a cancellation 


4 
| | 
| 
| 


1943] | PROBLEMS AND SOLUTIONS 641 


k+1 k+1 k+1 kr k + 2\x 
> cot a; I] cot (a; — a) + (— 1)*"' JJ cot a; = — sin— = ae. 
i=1 2 2 


and the induction proof is complete. 


Ellipse and Extremal Triangles 

4053 [1942, 549]. Proposed by E. P. Starke, Rutgers University 

Show that all triangles inscribed in an ellipse and having their centroids at 
the center of the ellipse have the same area, which is the greatest possible area for 
an inscribed triangle. 

Show that all triangles circumscribed about an ellipse and having their cen- 
troids at the center of the ellipse have the same area, which is the least possible 
area for a circumscribed triangle. 


Solution by P. C. Hammer, Oregon State College. To solve the two given prob- 
lems we shall prove a more general theorem. 


THEOREM Let (a cos sin 0;), 2, +++, be the cartesian coordi- 
nates of the vertices of a convex polygon inscribed in the ellipse x =a cos 0, y=b sin 0, 
and also the coordinates of the points of tangency of a circumscribed polygon, where 
0<0,;<0.< +--+ <0,S20. The necessary and sufficient conditions that the in- 
scribed polygon have a maximum and that the circumscribed polygon have a mini- 
mum area are 


(1) 02 — 0; = 03 — 02 = +++ = 0, — = 27 + 0; — On = 2x/n. 


Proof. The transformation x =ax’, y=by’ takes the ellipse into the unit circle, 
straight into straight lines, and changes all areas by the constant factor 1/ab. 
Hence the problem is reduced to one of maximizing the areas of polygons in- 
scribed in the unit circle and of minimizing the areas of circumscribed polygons. 
The transformed inscribed polygon has the vertices (cos 9;, sin 0;) and its area Ky 
is given by 


(2) 2K, = sin CE wee 6;) sin (On On—1) + sin (0; On). 


Now we may place 6, = 27 due to the symmetry of the circle, and using partial 
derivatives, we find readily that conditions (1) are necessary and sufficient to 
maximize K;. The area of the corresponding polygon inscribed in the ellipse is 


ae 
sin — - 
n 
The area of a polygon circumscribed about the unit circle is 


Kz = cot + cot +--+ + cot dn, 


where the ¢,’s are halves of the vertex angles of the polygon. The minimum of Kz 
is readily obtained using partial derivatives and leads to di=¢2= + + + =n. The 
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maximal polygon is thus regular and conditions (1) are fulfilled. The area of the 
corresponding circumscribed polygon containing the ellipse is 


us 
nab tan — - 
n 


To apply the theorem to the specific problems we observe that, since all 
regular polygons have centroids at their centers and as (0, 0) is fixed under the 
transformation, it is necessary for the extremizing polygons to have centroids 
at the center of the ellipse. The converse, however, is true only if »=3. If the 
centroid of an inscribed triangle is at (0, 0) then we have the centroid of the 
transformed triangle is at (0, 0). That such a triangle is equilateral is an immedi- 
ate consequence of the fact that, if a median of a triangle passes through the 
circumcenter, the triangle is isosceles. Likewise, if a triangle circumscribed about 
a circle has its centroid at the center of the circle, it is equilateral due to the fact 
that, if a median and a vertex angle bisector in a triangle coincide, the triangle 
is isosceles. From the theorem we then have that in case n=3 coincidence of 
centroid with the center of the ellipse is necessary and sufficient to extremize 
the areas. 

Solved also by J. A. Bullard, H. S. M. Coxeter, H. Eves, H. Scheffé, and the 
proposer. 

Editorial Note. The remaining solvers considered only triangles; Bullard and 
the proposer made no use of the projection theorem and used partial derivatives 
in the consideration of the extremal properties, and the proposer referred to the 
solution of E 191 [1936, 433]. The other solvers used the projection theorem and 
considered as known the extremal properties for the circle and triangle. The 
theorems that the regular polygons have respectively the maximum and mini- 
mum areas of all convex polygons of the same number of sides inscribed and 
properly circumscribed about the unit circle is a consequence of the following 
elementary theorem. 

Given the real, continuous, and finite function f(x) of the real variable x 
which is everywhere concave, or convex, toward the x axis for an interval I 
for x; then, for an arbitrarily chosen set of m values x; of J, not all equal, we have 


i=l i=1 
according as f(x) is always concave or convex toward the x axis. 

The proof is obvious. The m points P,, Pe, +++, Pm on the curve y=f(x) 
are the vertices of a convex polygon P, and the center of mass of the positive 
integral masses fi, pe, + - * , Pm at these vertices, whose sum is ”, lies within this 
polygon, or the chord if m=2. For the polygon of m sides inscribed in the unit 
circle we need to consider only such as have the center of the circle in their in- 
terior. For, if the inscribed polygon AA: - - - An does not have the center in its 
interior, there is a vertex, say A, such that no vertex lies within say the lower 


i 
| 
] 
| 
| 


1943] NEWS AND NOTICES 643 


semicircumference arc for the diameter AOA. Draw the diameter An_,:OAn-1 
and take the point B, within the arc Aj'A,_1 which continues to A;. Then, since 
n=3, arc An1AnSarc <arc B,Aj, and chord A,1:A,<chord B,A;. The 
polygon A,A2 - + - A,_:B, has an area which exceeds that of the original polygon 
by the excess of the area of triangle KB,A; over that of the similar triangle 
KA,1An, where K is the intersection of A,1.B, and A,A;. The second polygon 
has the center O in its interior. Now let x; be the angle at the center subtended 
by the 7th side of the inscribed polygon of m sides with O in its interior where 
0 <x; <7, and the sum of the x;’s is 27. We have to consider the maximum of the 
sum of the sines of these m angles. By the above theorem the area of such a poly- 
gon if its angles are not all equal is less than the area of the regular polygon. 
For the properly circumscribed polygon, #.e., containing the center in its interior, 
we take x; as half the angle at the center subtended by the ith chord of contact 
so that 0<x;<m/2 and the sum of the x;,’s is 7. The proof follows in a similar 
manner by considering the sum of the tangents of the angles x;. 


, NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending 
news items to B. W. Jones, White Hall, Cornell University, Ithaca, New York. 


Associate Professor H. F. Archibald of Keuka College, Keuka Park, New 
York, has been promoted to a professorship. 


Professor W. C. Brenke of the University of Nebraska has retired from the 
chairmanship of the department of mathematics but will continue his other 
duties during the current academic year. 


Assistant Professors C. T. Male and A. H. Fox of Union College have been 
promoted to associate professorships. 


Assistant Professor C. E. Clark of Bradley Polytechnic Institute has been 
appointed to an associate professorship at Emory University. 


Dr. J. B. Coleman has been appointed to a professorship at the University 
of Richmond. 


Dr. L. M. Garrison of Alabama Polytechnic Institute has been appointed 
to an assistant professorship at Louisiana Polytechnic Institute. 


Dr. R. W. Gibson of the University of Illinois has been appointed to an 
assistant professorship at Kansas State College. 


Assistant Professor E. H. C. Hildebrandt of the State Teachers College, Up- 
per Montclair, New Jersey, has been appointed to an assistant professorship at 
Northwestern University. 
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Dr. Lois Kiefer of the University of Illinois has been appointed head of the 
department of mathematics at State Teachers College, Silver City, New Mexico. 


Associate Professor F. H. Miller of the Cooper Union School of Engineering 
has been promoted to a professorship and has been appointed head of the de- 
partment of mathematics. 


Professor M. G. Moore of Tri-State College, Angola, Indiana, has been ap- 
pointed to an assistant professorship at Bradley Polytechnic Institute. 


Drs. Vladimir Morkovin and W. H. Pell of Brown University have accepted 
positions as research engineers in aerodynamic design at the Bell Aircraft Cor- 
poration, Buffalo. 


J. D. Novak of the University of Minnesota has been appointed head of the 
department of mathematics and physics at MacMurray College, Jacksonville, 
Illinois. 


Dr. D. H. Rock of Brown University has been appointed assistant professor 
of mathematics at Rhode Island State College. 


Dr. Robert Schatten has been appointed to an assistant professorship at the 
University of Vermont. 


Dr. G. E. Schweigert of the University of Missouri has been appointed to 
an assistant professorship at Purdue University. 


Dr. C. J. Thorne of Washington University has been appointed to an assist- 
ant professorship at Louisiana State University. 


The following appointments to instructorships are announced: 
Bard College: Dr. H. B. Mann 

Brown University: P. T. Miekle, W. E. Barnes 

Cooper Union School of Engineering: S. G. Roth 

Indiana University: Dr. Marion D. Wetzel 

Purdue University: Dr. Fred Kiokemeister 

University of Minnesota: Dr. Louis Garfin, Dr. C. M. Jensen 
University of Pennsylvania: R. T. Luginbuhl 

University of Rochester: Dr. H. S. Kieval 

University of Washington: Dr. J. M. Kingston 


Professor Edward Helly of Illinois Institute of Technology died on Novem- 
ber 28, 1943. 


Mr. L. L. Locke, who retired in 1942, died August 28, 1943. He was a charter 
member of the Mathematical Association. 
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WAR INFORMATION 


EpITED By C. V. NEwsomM 


Send news reports upon the utilization of mathematicians or mathematics in war 
activities to C. V. Newsom, University of New Mexico, Albuquerque, New Mexico. 


THE NAVY COLLEGE TRAINING PROGRAM 


The Navy College Training Program (V-12) was inaugurated upon July 1, 
1943, in nearly 200 colleges and universities. This new program superseded the 
previous V-1 and V-7. Its purpose, as outlined by the Navy Department, is to 
produce Naval officers chosen from high school seniors, high school graduates, 
and college students who appear to have the potentialities for ultimate selection 
as officers after carefully prescribed college training. The plan provides that 
this college training shall be carried on while the men are on active duty, in 
uniform, receiving pay, and under general military discipline. 

_ The selection of the educational institutions to participate in both the Army 
and the Navy Programs is made by a joint committee consisting of representa- 
tives of the Armed Forces and the War Manpower Commission. In the event of 
failure on the part of the members of the committee to agree, the final decision 
is made by the chairman of the War Manpower Commission. Institutions are 
chosen not only on the basis of educational facilities, but also after a study of 
available housing and messing accommodations. To great extent, institutions 
accepted have been designated as Navy institutions or as Army institutions; 
that is, only a few institutions have been awarded both Army and Navy pro- 
grams. 

The Navy has insisted that all colleges and universities holding Navy con- 
tracts offer three 16-week terms in each calendar year, the first term to begin 
on or about July 1, 1943, the next term to start approximately November 1, 
the next one about March 1, and so on. Such a uniform calendar is regarded as 
essential in view of the fact that the transfer of students from one college to 
another will frequently be necessary. 

_ Of the nearly 70,000 students assigned to various institutions on July 1, ap- 
proximately 80 per cent were students already in college who were previously 
enlisted in class V-1 or V-7 or who held probationary commissions in the U. S. 
Naval Reserve or were enlisted in the Marine Corps or Coast Guard Reserves. 
Consequently, colleges holding Navy contracts received transfers at all levels, 
from second-term freshmen to second-term seniors. None of these transfer stu- 
dents were required to enter the new, fully prescribed’ V-12 curriculum, but 
certain minimum requirements, including mathematics, were specified, and, 
within the limits of a student’s major interest, it was hoped that he would wish 
to include as many of the V-12 subjects as possible. 

Freshman students entering the rigid V-12 Program were drawn from two 
sources. More than 300,000 young men took the first Army-Navy test given last 
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April 2; many who successfully passed this test and who designated the Navy 
as their preference started their V-12 studies upon July 1; other students of this - 
group have been assigned to institutions for other semesters. The second test, 
open to male high school seniors in their last semester and to’ graduates, who 
will reach their seventeenth birthday but not their twenty-second birthday by 
March 1, 1944, was given upon November 9, 1943. Ultimately, most men enter- 
ing the V-12 Program will come from those who have successfully passed the 
Army-Navy test. In addition to this group, a limited number of Navy men who 
have seen duty with the fleet have also been assigned to the V-12 Program; these 
men are high school graduates, and were chosen upon the basis of their past 
record with the Navy. Among this latter group are many students who have a 
deficient background in mathematics and science, and a large number of institu- 
tions have found it necessary to set up special courses to accommodate them. 
It is probable that more attention will be paid in the future to the academic 
qualifications of this group of assignees. 

The Navy has specified that each institution will give examinations in the 
various V-12 courses according to its own practices. It should be noted, however, 
that the Navy Department will give a qualifying examination of its own to all 
first year college students near the end of their second term. The usual scholastic 
standards of the institution are to prevail, and classes are to be of normal size. 
It is expected that standard textbooks will be used and that the instructor will 
select the text, provided the one designated is generally recognized as standard. 
Each institution will determine whether or not credit toward a degree shall be 
given for the completion of courses in the various curricula. Inasmuch as the 
content of these courses is practically equivalent to that of standard college 
courses in the same subjects, it is hoped that credit will be given quite generally. 

The several types of officer candidates in the V-12 Program will complete 
training as follows: Aviation Candidates, 2 terms; Deck Candidates, and Supply 
Corps Candidates, 4 terms; Pre-Medical and Pre-Dental Corps Candidates, 
5 terms; Engineer Candidates, 6 terms; Engineer Specialist Candidates, includ- 
ing Physics Majors, Civil Engineer Corps Candidates, Construction Corps Can- 
didates, Pre-Chaplain Corps Candidates, Aerology Specialist Candidates, 8 
terms. All curricula contain two terms of elementary mathematical analysis, and 
all technical programs also involve two terms of calculus. Descriptions of the 
various courses in mathematics follow. 


Mathematical Analysis I. 5 lecture-recitation periods per week. 

This course is designed for the student with a limited high school background 
in mathematics. Within the limits of this background, the following areas will 
be considered. Elementary College Algebra: fundamental concepts, variable, 
constant, function; review of axioms, elementary operations; factoring; frac- 
tions; formulas; the graph; linear equations; simultaneous linear equations in 
two unknowns; quadratic equations; exponents and radicals; variation. Trigo- 
nometry: angles and their measures, trigonometric functions, linear interpola- 
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tion and use of tables; right triangles; fundamental identities; logarithms, 
including introduction to use of slide rule; functions of multiple angles, addition 
formulas; identities; inverse trigonometric functions; trigonometric equations; 
laws of sines, cosines, and tangents; oblique triangles. 

Mathematical Analysis II. 5 lecture-recitation periods per week. Prerequisite: 
Mathematical Analysis I. 

A continuation of Mathematical Analysis I. The following areas will be con- 
sidered. Trigonometry: introduction to spherical trigonometry. Analytic Ge- 
ometry: points in rectangular and polar coordinate systems; analytic equivalents 
of distance, slope, etc.; loci; straight line; circle; conic sections; polar and para- 
metric equations; introduction to solid analytic geometry, including cylindrical 
and spherical coordinate systems. College Algebra: determinants and solution 
of systems of equations; simultaneous quadratics (with graphical solution) ; the- 
ory of equations; complex numbers. 

Mathematical Analysis III. 5 \ecture-recitation periods per week. Prerequi- 
site: 2} or more units of high school algebra. 

College Algebra: fundamental concepts, laws, operations; review of factor- 
ing, fractions, linear equations, the graph, quadratic equations and simultaneous 
quadratic equations, binomial theorem; variation; progressions; determinants 
and systems of linear equations; exponents, radicals; logarithms. Trigonometry: 
angles and their measures; the trigonometric functions; significant figures and 
approximate computation; linear interpolations and use of tables; right tri- 
angles; identities; functions of multiple angles and addition formulas; inverse 
functions; trigonometric equations; oblique triangles; right and oblique triangles 
in spherical trigonometry. 

Mathematical Analysis IV. 5 lecture-recitation periods per week. aree 
site: Mathematical Analysis III. 

A continuation of Mathematical Analysis III. Analytic Geometry: points in 
rectangular and polar coordinate systems; distance, slope, angle between lines; 
loci; straight line; circle; conic sections; polar and parametric equations; tan- 
gents and normals; curve tracing in various systems; translation and rotation; 
empirical determinations (curve fitting); direction cosines and numbers; the 
plane and line; quadric surfaces and sections; cylindrical and spherical coordi- 
nates. College Algebra: permutations, combinations, and probability; theory of 
equations; complex numbers and DeMoivre’s Theorem. 

Calculus I. 4 lecture-recitation periods per week. Prerequisite: first year 
mathematics. 

Functions: limits and limit theorems (without proof); the derivative and 
its interpretations; derivatives of algebraic functions; maxima and minima; 
rates; derivatives of transcendental functions; applications including Newton's 
method of approximation, and tangents and normals; derivatives of higher order; 
the differential with applications; definite integral with applications such as 
length, area, surfaces, and volume, moments, centroids, moments of inertia; 
improper integrals, 
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An early introduction of the integral calculus into Calculus I is desired so 
that Analytical Mechanics I may be taught from that background. 

Calculus II. 4 lecture-recitation periods per week. For Engineer Specialist 
Candidates c and d (Electrical Engineering), Calculus II will be given in 6 lec- 
ture-recitation periods per week for 8 weeks, and will be immediately followed 
by Calculus III meeting a like number of times per week for the last 8 weeks 
of the term. 

Applications of the definite integral such as work and attraction; curvature; 
curve tracing; indeterminate forms; series of constant terms; power series with 
Taylor’s and Maclaurin’s theorems with remainder term, and with applications 
in integration; partial differentiation with applications; multiple integrals with 
applications. 

In the case where the Calculus is divided into 5-period and 3-period courses, 
some of the material in Calculus II will be advanced to Calculus I. 

Calculus III—Differential Equations. 6 lecture-recitation periods per week. 
Prerequisite: Calculus II. 

To be given in the second term as a continuation of Calculus II. Differential 
Equations will then be given 6 hours per week for 8 weeks, and will cover ordi- 
nary equations of the first order and simple ordinary equations of the second 
order; singular solutions; linear equations with constant coefficients and appli- 
cations to the physical sciences, with practice in setting up and solving the dif- 
ferential equations; approximate methods; systems of differential equations; an 
introduction to partial differential equations. 

Navigation and Nautical Astronomy I. 3 \lecture-recitation periods per week. 
Prerequisite: first year mathematics. 

Brief review of plane and spherical trigonometry and use of logarithms; in- 
struments; compass corrections; terrestrial factors; the sailings; dead reckoning 
and transverse sailings; piloting; seamanship; weather. 


Navigation and Nautical Astronomy II. 3 \lecture-recitation periods per week. 


Prerequisite: Navigation and Nautical Astronomy I. 

Celestial factors; the astronomical triangle; altitude; time; azimuth and am- 
plitude; interval to L.A.N.; latitude; longitude and time sights; identification 
of celestial bodies; position of single sight; Sumner line; Marc St. Hilaire; lines 
of position; day’s work; use of H.O. 203, 208, 211, 214, Ageton (1942). 


The Navy has emphasized that institutions should expand and amplify the 
above outlines within the scope of their facilities and the time limits imposed. 
Captain S. P. Fullinwider, Jr., Head of the Department of Mathematics at the 
United States Naval Academy, has suggested the following additional topics 
which might be treated. In Mathematical Analysis I and II, include the bi- 
nomial theorem and the rudiments of probability; also, emphasize the solution 
of numerical equations by graphical and numerical methods. Where Spherical 
Trigonometry is introduced, include Napier’s rules of circular parts and the law 
of cosines. In the Calculus, it would be profitable to devote two or three lessons 
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to Simpson’s rule and its applications. In Differential Equations, considerable 
time could be spent upon integration in series and other approximate methods 
of solving differential equations. 

Since the inauguration of the V-12 Program, several bulletins have been is- 
sued by the Bureau of Naval Personnel pertaining to the work in mathematics. 
Excerpts from these bulletins follow. 

From Bulletin No. 48. “Navigation and Nautical Astronomy I and II are 
to be basic courses and are not designed to give any technical skill in the science 
of navigation. Practical navigation training is to be reserved for Naval Reserve 
Officer Training Corps and Midshipmen Schools. 

“The purpose of Navigation I is to give the basic mathematics with emphasis 
on the elements of spherical trigonometry and elementary vector mathematics 
necessary for the student to comprehend the navigation courses he will be given 
later under Navy instruction. Problems may be drawn from nautical situations 
to keep the work alive but the emphasis shall be upon mathematical principles 
only. Any elementary text in Spherical Trigonometry would be an adequate 
guide to what is desired. 

“The purpose of Navigation II is to give the student the astronomical back- 
ground necessary to an understanding of the principles of celestial navigation 
and inherent in the practice of celestial navigation. In essence this course shall 
be a course in elementary nautical astronomy. Any elementary text in nautical 
astronomy would be an adequate guide to what is desired. 

“Since neither Navigation and Nautical Astronomy I or II are courses in 
practical navigation, equipment as charts, navigational instruments, and other 
devices for the study of practical navigation will not be necessary.” 

From Bulletin No. 66. “It has been recognized from the beginning that there 
would be considerable differences in the amount and quality of mathematical 
preparation among students entering the V-12 Program from high school. For 
that reason, two separate courses in mathematics were prescribed as alternatives 
for the first two college terms, Mathematics I and II for those students with two 
or less units of high school mathematics and Mathematics III and IV for those 
with 23 or more units of high school mathematics. It was contemplated that 
college and university faculties would put into Mathematics I those students 
not qualified to attempt Mathematics III. This interpretation is hereby estab- 
lished as Navy policy, .... Colleges and universities are authorized to transfer 
V-12 freshmen enrolled in Mathematics III to Mathematics I whenever it is 
evident that such freshmen have inadequate preparation for Mathematics III. 

“It appears that some students have entered the V-12 Program whose prepa- 
ration in mathematics is inadequate even for Mathematics I. Colleges and uni- 
versities are hereby authorized to establish the necessary refresher or makeup 
classes for such students, and to make necessary readjustments in the content 
and hours of subsequent classes in mathematics during the first two terms. It is 
required, however, that such students complete the substantial equivalent of 
Mathematics II by the end of their second term in order that they may be pre- 
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pared for the qualifying examination on the work of the first two terms which 
all V-12 freshmen will be required to take at the end of the second term. 

“The college or university shall be sole judge as to whether or not academic 
credit shall be given for any refresher classes or any other special classes set up 
under paragraphs .. . above. Such classes, whether or not given for academic 
credit, may be ccunted in the number of hours for academic work prescribed 
for V-12 students. 

“It is not contemplated that any V-12 student shall be permitted to remain 
in college more than the prescribed number of terms because of deficiency in 


_ high school preparation. If he cannot, with necessary refresher classes and other 


adjustments in the curriculum ... make up his deficiencies and complete all 
prescribed courses by the end of his second term in college, he will be subject to 
separation from the program.” 

From Bulletin No. 67. In the case of former V-1 and V-7 students, “it is not 
required that any student attempt to complete in one term both halves of a 
mathematics or physics course which normally runs for two terms, when suc- 
cessful completion of the first half is a prerequisite to an understanding of the 
work of the second.” 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


THE TWENTIETH ANNUAL MEETING OF THE NEBRASKA SECTION 


The twentieth annual meeting of the Nebraska Section of the Mathematical 
Association of America was held at the University of Nebraska in Lincoln, 
Nebraska, on Saturday, May 1, 1943. Professor W. C. Brenke presided in the 
absence of the chairman, Professor M. A. Basoco. 

There were twenty people in attendance, including the following thirteen 
members of the Association: A. K. Bettinger, W. C. Brenke, C. C. Camp, A. R. 
Congdon, H. M. Cox, W. A. Dwyer, J. M. Earl, M. G. Gaba, F. S. Harper, 
Ralph Hull, H. L. Rice, Lulu L. Runge, and Charles Saltzer. 

The following officers were elected for the coming year: Chairman, W. A. 
Dwyer, Creighton University; Secretary, Lulu L. Runge, University of Ne- 
braska; Member of Executive Committee, J. M. Earl, University of Omaha. 

The following papers were presented: 


1. P-adic numbers and their arithmetics, by Dr. Albert Neuhaus, University 
of Nebraska, introduced by Professor W. C. Brenke. 

This paper dealt with the non-archimedian valuations of the rational num- 
bers, the derived p-adic number fields, and the fundamental operations in these 
fields. 
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2. Mileposts of instructional research, by Professor H. M. Cox, University of 
Nebraska. 

The speaker discussed the mileposts of instructioral research as selected from 
the point of view of the classroom teacher. He advanced the opinion that the 
progress of instructional research represents expanding areas of consciousness 
of responsibility. It was also remarked that a course can be described in terms 
of: (1) identification of subject matter (2) measurement of student achievement; 
(3) evaluation of student achievement in the light of parallel or overlapping 
courses and in the light of all-college points of view; (4) evaluation and re- 
evaluation of subject-matter. 


3. The present norm of the University of Nebraska grading system, by Profes- 
sor C. C. Camp, University of Nebraska. 

In this investigation Professor Camp used records of grades from 1938 to 
1942, and found large fluctuations from year to year, and at different course 


- levels. Only when he considered the percentage frequencies in regrouped data 


for the entire university did he find what could be called a norm. Grades in the 
nineties, eighties, seventies, sixties, and those below sixty exhibited percentage 
frequencies of 11, 41, 30, 10, and 8 respectively. The distribution showed a skew- 
ness of —0.7, and was fitted to a Pearson type JJI and a Charlier type A curve. 


4. The Gaussian imagery of spherical objects, by Professor O. C. Collins, Uni- 
versity of Nebraska, introduced by Professor W. C. Brenke. 

Professor Collins discussed the screen representation of a spherical surface 
as projected by a system of thin lenses. He remarked that every type of perspec- 
tive projection is possible by this means. A simplified construction was used for 
the consideration of space images of solid objects. 


5. Certain applications of Postel’s projection, by Professor O. C. Collins, Uni- 
versity of Nebraska, introduced by Professor W. C. Brenke. 

The speaker discussed the uses of a certain flat network representing the 
parallels and meridians of a sphere. The network was obtained by projecting the 
surface of the sphere azimuthally from the zenith of a point on the equator. It 
was pointed out that the device could be employed for the construction of a uni- 
versal planisphere, as a template for the construction of world maps centered 
on any locality, and for the representation and solution of spherical triangles. 


6. Some remarks on the theorem of Blasius in ‘heoretical fluid mechanics, by 
Professor M. A. Basoco, University of Nebraska. (Read by title.) 

The content of this paper consisted of a simple derivation of a theorem of 
Blasius (Zeits. f. Math. u. Phys., 1909, 10) which affords an expression for the 
lift and moment experienced by a cylinder placed in a moving ideal fluid. The 
lift and moment are expressed as contour integrals involving the complex po- 
tential describing the motion. 


7. On the flow about an elliptic cylinder, by Charles Saltzer, University of 
Nebraska. 
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The speaker considered the application of conformal mapping to hydrody- 
namics in order to obtain the complex potential of the non-circulatory flow about 
circular and elliptic cylinders, and in order to compute the lift on moment on 
the cylinders as determined by Blasius’ theorem 


8. Arithmetics of hypercomplex number systems, by Professor Ralph Hull, 
University of British Columbia. ~ 


LuLu L. RUNGE, Secretary 


THE ELEVENTH ANNUAL MEETING OF THE WISCONSIN SECTION 


The eleventh annual meeting of the Wisconsin Section of the Mathematical 
Association of America was held at the University of Wisconsin in Milwaukee 
on Saturday, May 15, 1943. Sessions were held in the morning and in the after- 
noon, with the chairman of the Section, Professor R. H. Bardell, presiding. An 
address of welcome was delivered by Dean Frank O. Holt of the Extension 
Division of the University of Wisconsin. Members and their guests assembled 
for lunch at the Hotel Schroeder. 

There were forty-eight in attendance, including the following seventeen 
members of the Association: R. H. Bardell, Leon Battig, Ethelwynn R. Beck- 
with, May M. Beenken, F. A. Butter, Jr., L. A. V. DeCleene, Fannie Hopkins, 
R. C. Huffer, M. L. Jautz, R. E. Langer, Mary Felice, R. E. Norris, Irene 
Price, G. A. Sedlak, P. L. Trump, J. I. Vass, Louise A. Wolf. 

The following officers were elected for the coming year: Chairman, May M. 
Beenken, State Teachers College, Oshkosh; Secretary-Treasurer, P. L. Trump, 
University of Wisconsin; Program Committee, Leon Battig, University of Wis- 
consin Extension Division, Sheboygan, Louise A. Wolf, University of Wisconsin 
in Milwaukee. It was decided to hold the next meeting at Milwaukee-Downer 
College in Milwaukee in May, 1944. The choice of the exact date of the meeting 
was left to the host institution. 

The following papers were presented: 


1. Geometrical location of the roots of certain composite equations, by Professor 
Morris Marden, University of Wisconsin in Milwaukee. 
Professor Marden discussed the location of the roots of the equation 


C(z) = aoB(0) + @,B(1)z + = 0 
relative to the location of the roots of the equations 
A(z) = do + + ams" = 0 


and 
= bb + biz +--+ + 5,2" = 0. 


The roots of the equation A(z) =0 were assumed to lie either in a ring shaped 
region, or in a sector bounded by two rays intersecting at an angle not greater 
than m radians. The roots of B(z)=0 were assumed to lie either between two 
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circles consisting of points the ratio of whose distances from the points s=0 and 
2=m was constant, or between two circles consisting of points at which the seg- 
ment from z=0 to =m subtended a constant angle. The roots of C(z) =0 were 
then found to lie in a region obtained by expanding, in a suitable manner, the 
region containing the roots of A(z) =0. 


2. The characteristics and applications of photo-cells, by Walther Richter, 
American Institute of Electrical Engineers, introduced by Professor R. H. 
Bardell. 


3. Mathematics training for the armed forces now in progress at the University 
of Wisconsin, by Professor R. E. Langer, University of Wisconsin. 


4. Mathematics in the signal corps, by Haym Kruglak, Milwaukee Voca- 
tional School, introduced by Professor H. P. Evans. 


5. Applications of mathematics to industry, by J. A. Deubel, Perfex Cor- 
poration, introduced by Professor Ethelwynn R. Beckwith. 
P. L. Trump, Secretary 


THE SECOND ANNUAL MEETING OF THE METROPOLITAN 
NEW YORK SECTION 


The second annual meeting of the Metropolitan New York Section of the 
Mathematical Association of America was held at Brooklyn College, Brooklyn, 
New York, on Saturday, May 8, 1943. Professor F. H. Miller presided at the 
morning session. At the afternoon session, Professor H. F. Mac Neish, Chairman 
of the Section, acted as general chairman, and Dr. Edna E. Kramer-Lassar, 
Vice-Chairman of the Section, acted as program chairman. 

The attendance was about one hundred and twenty-three, including the fol- 
lowing fifty-eight members of the Association: R. G. Archibald, L. A. Aroian, 
A. V. Baez, Brother Bernard Alfred (Welch), Frank Boehm, C. B. Boyer, A. B. 
Brown, Jewell Hughes Bushey, J. H. Bushey, Louise M. Comer, T. F. Cope, 
W. H. H. Cowles, Jesse Douglas, W. H. Fagerstrom, J. M. Feld, Edward 
Fleisher, R. M. Foster, Etta Greenberg, Harriet M. Griffin, C. C. Grove, R. A. 
Harrison, Solomon Hurwitz, R. A. Johnson, Sidney Kaplan, Herman Karnow, 
E. H. Koch, Jr., Edna E. Kramer-Lassar, Nathan Lazar, C. H. Lehmann, 
Herman Levy, C. C. MacDuffee, H. F. Mac Neish, P. H. Mc Grath, May Hickey 
Maria, A. E. Meder, Jr., Joseph Milkman, F. H. Miller, E. C. Molina, L. T. 
Moore, M. A. Nordgaard, Max Peters, Mina S. Rees, Moses Richardson, S. G. 
Roth, Arthur Sard, S. A. Schelkunoff, Edna C. Schnefel, James Singer, E. R. 
Stabler, J. E. Thompson, H. E. Wahlert, Israel Wallach, Alan Wayne, John 
Williamson, H. P. Wirth, Jack Wolfe, Margaret Y. Woodbridge, R. C. Yates. 

At the beginning of the afternoon session President Harry D. Gideonse of 
Brooklyn College welcomed the Section to Brooklyn College. At the close of the 
_ afternoon session the following officers were elected for the coming year: Chair- 
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man, C. C. MacDuffee, Hunter College; Vice-Chairman, Max Peters, New 
Utrecht High School; Secretary, H. E. Wahlert, New York University; Treas- 
urer, F. H. Miller, Cooper Union 

The following papers were presented: 


1. Mathematics in navigation, by Lieutenant Commander Delwyn Hyatt, 
USN, U.S. Merchant Marine Academy, introduced by Professor Mac Neish. 

It was pointed out in this address that problems in navigation invelve a con- 
siderable amount of mathematics up to and including spherical trigonometry, 
but that the actual practice of navigation has been reduced to the use of tables 
so that the navigator needs only the ability to copy numbers correctly from the 
tables, and to perform additions and subtractions. It was stated that the armed 
forces have learned that the average youth inducted in recent years has not been 
able to perform the simple mathematical operations required in practice. 


2. Some applications of mathematical statistics in the war effort, by Professor 
Harold Hotelling, Columbia University, introduced by Dr. Kramer-Lassar. 

The speaker described a number of war time applications of mathematical 
statistics. Among the applications mentioned were the following: determination 
of probabilities of hits and associated probabilities, quality control of manufac- 
tured articles by sampling inspection, cryptography, personnel placement and 
psychological researches, meteorology, medical and agricultural research, statis- 
tical designs in physical, chemical, and engineering research, and economic and 
administrative statistics. It was predicted that those who make fundamental 
studies of mathematical statistics with a view of its immediate usefulness will 
be able to utilize their knowledge after the war. 


3. Secret communications, by Major D. D. Millikin, New York University: 
introduced by Mr. Wahlert. 

Major Millikin gave a loosely aiieiiibiinil discussion of codes and ciphers, 
chosen for their human interest or humor, but which illustrated the devices most 
frequently employed for secret communications. Included in the presentation 
were many examples of historic interest, with special emphasis on the methods 
used during the period from the Revolutionary War through World War I. 
Applications of cryptography in the fields of literature, recreation, business, and 
sports were also described. 


4, Pure mathematics as a war course, by Professor F. J. Murray, Columbia 
University, introduced by Professor Jewell Hughes Bushey. 

The speaker called attention to the fact that our civilization is based upon 
techniques which are fundamentally mathematical. It was remarked that the 
content and sequential arrangement of the standard mathematics courses has 
been developed through many centuries for the purpose of solving technical 
problems, and in order to obtain a precise description and understanding of 
natural phenomena. Emphasis was placed upon the thesis that to cut or weaken 
the standard mathematics curriculum would be a very harmful procedure. 
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5. Should the present practical trend in secondary mathematics be extended to 
the college mathematics curriculum? by Dr. Nathan Lazar, Midwood High School. 


6. Should the related mathematics course be the required mathematics course 
for all ninth year pupils? by Max Peters, New Utrecht High School. 

In February, 1943, a special one-year course in related mathematics was in- 
troduced in the New York City high schools to give non-academic students the 
essential mathematics needed for success in pre-induction and post-induction 
training. The course included the following topics: a review of arithmetic with 
emphasis on applied problems; the simple properties of plane and solid geometric 
forms; the use of instruments such as the protractor, micrometer, vernier, and 
the slide rule; a unit of algebra including the equation, the formula, ratio and 
proportion, variation, and graphs; indirect measurement, including scale draw- 
ing, the Pythagorean theorem, and trigonometry of the right triangle; a unit on 
vectors. The speaker expressed the opinion that such a course with its emphasis 
on applications gives the student a much richer insight into the role that mathe- 
matics plays in our civilization, and permits greater flexibility in adapting the 
ninth year students, both academic and non-academic. 

H. E. WAHLERT, Secretary 
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ALBERT, A. A. An inductive proof of Descartes’ 
rule of signs, 178-180. 

ALBERT, G. E. The closure of systems of orthog- 
onal functions, 163-169. 

BEER, F. P. A plane representation of vectors 
and tensors, 605-610. 

BELL, E. T. Algebraic identities in the theory of 
numbers, 535-541. 

GarrETT. What is a lattice?, 484- 


BLANKINsHIP, W. A. The curtain rod problem, 
186-189. 

BLUMENTHAL, L. M. and GitvaM, B. E. Distri- 
bution of points in n-space, 181-185. 

Boyer, C. B. An early reference to division by 
zero, 487-491. 

Buck, R.C. Partition of space, 541-544. 

CELL, J. W. Mathematics instruction in engi- 
neering, 303-307. 

Coo.ipcE, J. L. Three hundred years of mathe- 
matics at Harvard, 347-356. 

Conxwraicut, N. B. An elementary proof of the 
Budan-Fourier theorem, 603-605. 

Coxeter, H. S. M. A geometrical background 
for de Sitter’s world, 217-228. 

Curry, H. B. The Heaviside operational calcu- 
lus, 365-379. 

Curtiss, J. H. Convergent sequences of proba- 
bility distributions, 94-105. 

Deun, Max. Mathematics, 600 B.C.—400 B.C., 
357-360. 

400 B.C.-300 B.C., 411- 

and HELLINGER, E. D. Certain mathe- 
matical achievements of James Gregory, 
149-163. 

DRESDEN, ARNOLD. The derivatives of com- 
posite functions, 9-12, 356. 

FiscHER, C. H. The rate of interest in instal- 
ment contracts, 545-547. 

Fiscuer, I. C. A projective construction for 
plane nodal cubics, 611-617. 

— W. W. Azimuth line of position, 475- 


ForsyTHE, ALEXANDRA. Divisors of zero in 
polynomial rings, 7-8. 

GEIRINGER, HILDA. The geometric foundations 
of the mechanics of a rigid body, 492-502. 

GituaM, B. E. See Blumenthal, L. M. 

Gross, BERNHARD. On an integral transforma- 
tion of general circuit theory, 90-93. 


Havrwi7z, B. The applications of mathematics 
in meteorology, 77-84. 

a R. V. A magic cube with 6n° cells, 288- 
291. 

HELLINGER, E. D. See Dehn, Max. 

HinricuseEn, J. J. L. The libration points in an 
n-body problem, 231-237. 

Jackson, Dunnam. Legendre functions of the 
— kind and related functions, 291- 
302. 

KELLER, M. W., SHREVE, D. R., and REMMERs, 
H. H. Diagnostic testing program in Pur- 
due University, 85-90. 

La. R. E. What are Eigen-werte?, 279~ 


MacDurfEE, C. C. What is a matrix?, 360-365. 

Manv, H. B. Quadratic forms with linear con- 
straints, 430-433. 

MENGER, Kar. What is dimension?, 2-7. 

H. Iteration of the ¢ function, 547- 

49. 

a On the product of linear forms, 
173-175. 

Purtutrs, H. B. Applied mathematics, 307-309. 

Price, G. B. Adjustments in mathematics to 
the impact of war, 31-34. 

Querry, J. W. A survey course for teachers, 
176-178. 

Rapé, Trsor. What is the area of a surface?, 
139-141. 

Remme_rs, H. H. See Keller, M. W. 

RicHarpson, R. G. D. Applied mathematics 
and the present crisis, 415-423. 

Root, R. E. Mathematics and mechanics in the 
postgraduate school at Annapolis, 238-244. 

RunninG, T. R. Graphical solutions of cubic, 
quartic and quintic, 170-173. 

Sapowsky, M. A. Equiareal patterns, 35-40. 

SHapiro, HAROLD, An arithmetic function aris- 
ing from the ¢ function, 18-30. 

SHREVE, D. R. See Keller, M. W. 
STABLER, E, R, Boolean algebra as an introduc- 
tion to postulational methods, 106-110. 
Tuurston, H. S. The solution of p-adic equa- 
tions, 142-148. 

Uva, S. M. What is measure?, 597-602. 

Warp, L. E. Geodesics and plane arcs on an 
oblate spheroid, 423-429. 

Wuitma\N, E. A. Some historical notes on the 
cycloid, 309-315. 

Yates, R. C. Folding the conics, 228-230. 
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AvBERT, A. A. A suggestion for a simplified 
trigonometry, 251-253. 

ine L. A. A certain type of integral, 382- 

BELLMAN, RICHARD. A note on the divergence 
of a series, 318-319. 

A note on determinants and Hada- 
mard’s inequality, 550-551. 

Biss, S. F. An analog of Pascal’s arithmetical 
triangle, 319-322. 

BREAKWELL, J. V. See Ransom, W. R. 

Brock, J. E. An example on double series, 619. 

Bruce, J. M. Approximations to a central an- 
gle, 42-45. 

CrawrorD, W. S. H. Square roots from a table 
of cosines, 190-191 

Grossman, H. D. The Morley triangle: a new 
geometric proof, 552. 

Hoan, F. E. An existence proof for logarithms, 
115-116. 

KNEBELMAN, M.S. Anelementary limit, 507. 


NIVEN, IVAN. On elli — integrals, 41-42. 

RaMLER, O. J. Quadratic and cubic equations, 
507-509, 

Ransom, W. R. and BREAKWELL, J. V. The 
shortest way found quickly, 436-438. 

Recut, The game o adam 435. 

REINER, IrvinG. Functions not formulas for 
primes, 619-621. 

Rossins, H. E. A note on the Riemann integral 
617-618. 


SCHWERDTFEGER, H. On P,-matrices, 621. 

Suaw, J. B. Quot ients in Galois fields, 434, 

Sutton, R. M. An instrument for drawing con- 
focal ellipses and hyperbolas, 253-254. 

UnpERWoop, R. S. A simple criterion for ra- 
tional roots, 250-251. 

Wa: A. K. Analogs, 380-381. 

Yates, R. C. Classification of the conics, 112- 
115. 

Four points, 505-506. 


CLUBS AND ALLIED ACTIVITIES 


Edited by J. S. Frame, Michigan State College 
TOPICS 


rts, 316. 


J. S. F. Annual re 
integration, 244-250. 


. Numerica 


J. S. F. Solving a triangle without tables, 622. 
Ss iy Some applications of the slide rule, 55- 


ACTIVITIES 


Allegheny College, 504. 

Boston University, 58. 

Brooklyn College, 191-192. 
Brown University, 503. 

Butler University, 194. 

Central Michigan College, 553. 
College of Saint Teresa, 504 
Cooper Union, 193. 

Duke University, 503-504. 
Harvard University, 623. 

Hunter College, 57-58. 

Illinois State Normal University, 317. 
Iowa State College, 192-193, 624. 
Kansas State College, 554. 
Lehigh University, 553-554. 
Louisiana State University, 553. 
New York University, 191. 
Oberlin College, 192. 


Oklahoma A. and M. College, 316-317. 
Southern Illinois Normal University, 317. 
St. John’s University, 58. 

University of Alabama, 58. 

University of Buffalo, 58. 

University of Chicago, 193. 

University of Dayton, 316. 

University of Kansas, 318, 624. 
University of Missouri, 193-194. 
University of Nebraska, 625. 

University of North Carolina, 318. 
University of Virginia, 193. 

University of Wisconsin, 317, 626. 
Upsala College, 626. 

Wayne State Teachers College, 192. 
Wayne University, 625. 

Wellesley College, 554. 
Winthrop College, 318. 
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Agnew, R. P. Differential Equations. J. K. L. 
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Aude, H. T. R. See Evans, P. L. 
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Baker, Edward. A First Course in Mathematics 
for Students of Engineering and the Physical 
Sciences. L. S. 631-633. 

Baker, H. F. An I ntroduction to Plane Geometry, 
Many Examples. VirGIL SNYDER, 441- 

Baten, W. D. See Homes, M. C. 
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Beisel, B. R. See Evans, P. L 

See Granville, W. A. 

Betz, William. See Kokomoor, F, W. 

Black, A. H. See Tricomi, Francesco. 

Bland, J. R. See Kells, L. M. 

Boothroyd, S. L. See c. 

Borgman, W. M. See Nelson, A. L 

Bowden, Muriel. See Hooper, A 

Boyer, L. E. See Olds, E. G. 

Brillouin, L. See Jordan, E. C. 

Brink, R. W. Spherical Trigonometry. ViRGIL 
SNYDER, 324-325. 

Brown, O. E. See Morris, Max. 

Camp, C. C. See Sherwood, G. E. F. 
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tics. BEATRICE L. HAGEN, 322-323. 

Cooley, J. C. A Primer of Formal Logic. C. A. 
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Crow, E. L: See Van Leuven, E. P. 
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Durfee, W. H. See Moore, G. E. 

Dye, L. A. See Hartkemeier, H. P. 

Eberle, W. C. See Weems, W. H 
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Evans, P. L. Mathematics for Technical Train- 
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Plane Trigonometry with Tables. B. R. 
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Fehr, H. F. A St ‘y of the Number Concept of 
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Flexner, W. W. and Walker, G. L. Military and 
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Folley, K. W. See Nelson. A. L. 
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Gaskell, R. E. See Olds, E 


Gehman, H. M. See Morris, Max. 
Gilman, R. E. See Flexner, W. W: 
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Gregory, Cottell. See Hart, W. W. 

Gupta, Hansraj. Symmetric Functions in the 
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WAR INFORMATION 
Edited by C. V. Newsom, University of New Mexico. 


A bibliography of cryptography, 345-346. 
A ——— procedure fcr mathematicians, 


Bibliography on artillery, 404. 

Committee on available teachers of collegiate 
mathematics, 528. 

' Engineering, science, and management war 
training, 276-278. 

Essential mathematics for minimum army 
needs, 580, 585. 

From selective service, 214, 275, 527. 

From the war department, 214. 

From the war policy committee, 466. 

Important bills before congress, 525-527. 

National committee on physicists and mathe- 
maticians, 400-403. 

Pre-induction courses in ‘mathematics, 465. 

Retraining programs for teachers, 275-276. 

Service opportunities for women, 524-525. 


Suggestions from the office of scientific person- 
nel of the national research council, 75-76. 

The or specialized training program, 466- 
470 


The _wivage institute of military studies, 403- 


The Curtiss-Wright engineering cadette pro- 
gram, 276. 

The Michigan division for emergency training, 
464-465. 


The Minnesota owe in pre-flight mathe- 
matics, 344-345 

The Navy college training program, 645-650. 

The problem a securing teachers of collegiate 
mathematics for wartime needs, 215-216. 

The United States armed forces institute, 464. 

The war policy committee, 138. 

Women in aerology and electronics, 470. 


REPORTS OF THE MEETINGS OF THE ASSOCIATION 
AND ITS SECTIONS 


MEETINGS OF THE ASSOCIATION 


-—-«* to membership, W. D. Cairns, 205- 


W. B. Carver, 405-506; 592-593. 
Board W.D. Cairns, 205-209. 


The twenty-sixth summer meeting, W. B. Car- 
ver, 588-594, 


MEETINGS OF ITS SECTIONS 
Edited by N. B. ConKwriGut, University of Iowa 


Allegheny Mountain Section, April 1942 meet- 
ing, H. L. Dorwart, 12-15; April 1943 
meeting, H. L. Dorwart, 529-530. 

Illinois, Michigan, and Indiana Sections, April 
1943 meeting, E. C. KieFer, C. J. Coz, and 
M. W. KELLER, 594-596, 

Kentucky Section, April 1942 meeting, D. E. 
Soutu, 110-112. 

Metropolitan New York Section, May 1943 
meeting, H. E. WAHLERT, 653-655. 

—— Section, March 1942 meeting, C. J. 

E, 406-408. 

Sthiassate Section, May 1942 meeting, A. L. 
UNDERHILL, 15-17. 

Missouri Section, December 1942 meeting, 


M.E. SHANKS, 473-474. 


Nebraska Section, id 1943 meeting, LuLu L: 
RUNGE, 650-652. 

Northern California. Section, January 1943 
meeting, H. M. Bacon, 336-340. 

Ohio Section, April 1943 meeting, RuFus 
CRANE, 471-472. 

ras Section, November 1942 meeting, 
P. M. WHITMAN, 210-211. 

Rocky Mountain Section, April 1943 meeting, 
A. J. Lewis, 530-532. 

Southern California Section, March 1943 meet- 
ing, P. H. Daus, 532-534. 

Wisconsin Section, May 1943 meeting, P. L. 
Trump, 652-653. 
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A Leading text for both ASTP and V12 Courses 
PUBLISHED LAST YEAR. 366 pages. $2.75 


NELSON, FOLLEY, AND BORGMAN'S 


CALCULUS 


Presented definitely from the point of view of beginning 
students who need the subject primarily as a tool in engi- 
neering and other scientific fields. 


Distinguished by early introduction of integra- 
tion as well as differentiation; carefully selected 
and graded problems, well placed and introduced 
by illustrative examples; applications to physics 
and engineering; large, clear figures, including 
isometric drawings to help the student visualize 


the problems. 
D. C. HEATH AND COMPANY 


PROBLEMS 
ARE EASY... 


with these new Slide Rules 


The improved arrangement of the 
scales on these new Log Log Duplex 
Trig* and Log Log Duplex* Decitrig 
Slide Rules greatly simplifies the han- 
dling of trig problems. The trig scales 
refer directly to the CD scales so that 
trigonometrical functions can be used 
as factors without having their numeri- 


cal values determined. 
*Trade Mark 


KEUFFEL & ESSER CO. 
NEW YORK - HOBOKEN, N. J. 


Chicago St.Louis San Francisco LosAngeles Detroit Montreal 
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Widely and successfully used for 
ASTP, V12, AAC, and STAR programs— 


W. L. HART'S 


COLLEGE ALGEBRA, Revised Edition 


Contains also a thorough review of high school algebra. 
446 pages. $2.25 


BRIEF COLLEGE ALGEBRA 
For better prepared students, with a more condensed 
review section. 372 pages. $2.00 


INTRODUCTION TO COLLEGE ALGEBRA 


For college courses in Intermediate Algebra. 275 pages. 
$1.90 


You can count on these well-tried texts to give 
results under the most difficult conditions. 


D. C. HEATH AND COMPANY 


Boston + New York Chicago Atlanta San Francisco Dallas London 


BASIC MATHEMATICS FOR AVIATION 
By FRANK Ayres, Jr., Dickinson College. Introduction by Lieut, Col. Henry E, Smith. 


A single volume including the essentials necessary for the 80 hours of mathematics required 
by the Air Forces Aviation Cadet Course. Emphasis is on aeronautic applications, not on 
theory. A Lyon slide rule and air navigation computer is supplied with each copy. 


CONCISE SPHERICAL TRIGONOMETRY 
By JACQUES REDwAY HAMMOND, U. S. Naval Academy, Annapolis. 


Designed for a two-or three-hour semester course especially directed to those who need 
spherical trigonometry as background for navigation, meteorology, cartography, and like 
subjects. Solid geometry and plane trigonometry are reviewed. 


An Introduction to SPHERICAL TRIGONOMETRY 
By FRANK LOXLEY GRIFFIN, Reed College. 


This pamphlet meets the existing need for a brief and inexpensive treatment of spherical 
trigonometry covering the points essential for the efficient solving of spherical triangles. 
SECTION IV presents particularly the solution of course and distance problems in navigation. 


HOUGHTON MIFFLIN COMPANY 
Boston New York Chicago Dallas Atlanta San Francisco 


for service courses = 
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A COMPLETE REFERENCE BOOK 


for college students in trigonometry through calculus 
THE JAMES MATHEMATICS DICTIONARY 


provides: 


the facts the student has learned in presupposed subjects, the forgetting 
of which causes most of his current difficulties; 
correlation between his various subjects by means of its carefully worked 
out cross-reference system ; 
tables—logarithmic, trigonometric; differentiation; extensive integral; de- 
nominate numbers; mathematical symbols; squares and cubes, and mathe- 
matics of finance. 

Attractive format, durable fabricoid binding, either flexible or non-flexible, price 
$3.00. Fifteen percent discount to teachers. 


: THE DIGEST PRESS, Dept. 1A 
VAN NUYS CALIFORNIA 


The Raymond W. Brink 
College A Igebra Texts 


ALGEBRA—COLLEGE COURSE 


Supplies the material for a complete and rich course in college algebra for students 
who are not in need of a review of high-school higher algebra. 8vo, 329 pp. $2.15. 


COLLEGE ALGEBRA 
Presents all the material in ALGEBRA—COLLEGE COURSE with the addition of 
a systematic review of high-school higher algebra. 8vo, 445 pp. $2.25. 
INTERMEDIATE ALGEBRA 


Presents the systematic review of high-school higher algebra included in COLLEGE 
ALGEBRA, 8vo, 268 pp. $1.35. 


D. APPLETON-CENTURY COMPANY 
35 West 32nd Street, New York 1, N.Y. 
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Important New Books 


PRACTICAL ANALYTIC GEOMETRY 
WITH APPLICATIONS TO AIRCRAFT 


By Roy A. Liming. A practical system of analytic calculation 
techniques for direct use in the aircraft, automotive, and marine 
industries is presented in this new book. The material and pro- 
cedures in the book constitute the basis for the establishment of 
all basic engineering, lofting and tooling dimensions for all air- 
craft at North American Aviation, Inc. where the author is Head 
of Engineering-Loft Mathematics. The system is already used 
by many large war plants and is being rapidly adopted by all 
major aircraft companies. Profusely illustrated. Ready in March. 
$4.00 (probable) 


BASIC MATHEMATICS 
- FOR WAR AND INDUSTRY 


By Daus, Gleason & Whyburn. This new book meets the basic 
mathematical requirements of the Armed Services and the essen- 
tial industries. Written by professional mathematicians who have 
had wide experience in designing and teaching courses to these 
men, it provides text material in arithmetic, algebra, plane and 
solid geometry, and plane and spherical trigonometry (including 
elements of navigation). Ready in January. Illustrated. $2.25 
(probable) 


An Introduction to NAVIGATION 
AND NAUTICAL ASTRONOMY 


By Shute, Shirk, Porter & Hemenway. This text is designed 
especially for those who have entered or will enter the U. S. 
Navy, Merchant Marine, Coast Guard, or an Air Branch of our 
Armed Forces. Complete in itself, it requires no supplementary 
books, charts, tables, almanacs cr work sheets. It is written in 
language which the beginner in navigation can understand. All 
technical terms and phrases are carefully defined and explained. 
Generously equipped with halftones, diagrams, tables and charts. 

Ready in January. $5.00 (probable) 


ELEMENTARY STATISTICAL METHODS 
APPLIED TO ECONOMIC & BUSINESS DATA 


By William A. Neiswanger. A thorough and up-to-date general 
survey of both the methods and the interpretation of economic or 
business statistics is provided in this new book. A laboratory 
manual by the author and Floyd Haworth of the University of 
Illinois, will be available for use with this text. Ready in Decem- 
ber. Illustrated. $4.25 (probable) 


ee Lhe Macmillan Company, 60 Fifth Ave., New York 11 amas 
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New Books of Timely Importance 


Plane and Spherical Trigonometry. Alternate edition 


By Lyman M. Kets, Wms F. Kern and James R. Buanp, U. S. Naval Academy. 
371 pages, 6 x 9. $2.00. With tables, $2.75 


The purpose of this edition of the authors’ well known Plane and Spherical Trigonometry is 
to adapt the book even better to conditions of war. Features: applications of the mil and the 
radian as used in the Army and Navy; a discussion of piloting with corresponding applications ; 
a discussion of plane sailing and Mercator Charts with applications; a complete recasting of 
the chapter on applications of spherical trigonometry ; etc. 


Navigation 


By Lyman M. Ketis, Wituts F. Kern and Jamzs R. BLanp. 479 pages, 6 x 9. Textbook 
edition, $3.75 

This text is also available in two separately published volumes: 

Part I. Coastal and Inland Waterways Piloting. 288 pages, 6 x 9. Textbook edition, $2.50 

Part II. Celestial Navigation and Nautical Astronomy. 281 pages, 6 x 9. Textbook edition, $2.00 


Navigation presents a complete course in the subject, dealing with the best and latest methods 
used, in navigation practice. Unusual simplicity is obtained through logical arrangement of 
material and careful preparation for each development. 


Military Applications of Mathematics 


By wr P. Hanson, The Manlius School, New York. 425 pages, 5% x 8. Textbook edi- 
tion, $2, 


Brings together in one volume the problems in all branches of the Armed Forces that can be 
solved with a background of high school mathematics. The problems are grouped according to 
Army and Navy classifications—Maps and Map Reading, Field Artillery, Air Navigation, and 
Miscellaneous—and are arranged in order of difficulty. 


Mathematics for Navigators 
By Lieut. Comdr. DeLwyn Hyatt, U. S. Navy, U. S. Merchant Marine Academy, Kings 
Point, N.Y., and Comdr. B. M. Dopson, USNR, U. S. Marine Cadet Basic School, Pass 
Christian, Miss. In press—ready in December 


A refresher in mathematics devoted exclusively to the preparation of the student for the study 
of navigation. Special attention has been given to recent advances in the field. A feature of the 
—_ is the explanation of Ageton’s Method (HO 211). There is a wealth of carefully graded 
problems. 


Vector and Tensor Analysis 
By Homer V. Crate, University of Texas. 443 pages, 6 x 9. $3.50 
Provides a fairly rigorous, yet clear and comprehensive, introduction to the important subjects of 


vector and tensor analysis. Transformation and invariantive aspects, particularly of vector 
analysis, are emphasized, 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 
330 West 42nd Street New York 18, N.Y. 
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TEXTS IN DEMAND FOR 
WARTIME COURSES 


ALGEBRA: Rietz, Crathorne, & Adams: INTERMEDIATE ALGEBRA, $1.75 
Sisam: COLLEGE ALGEBRA, $2.15 
Rietz & Crathorne: INTRODUCTORY COLLEGE ALGEBRA, $1.90} 


Rietz & Crathorne: COLLEGE ALGEBRA, Fourth Edition, $1.90 


TRIGONOMETRY: Crathorne & Moore: BRIEF TRIGONOMETRY, $1.30 


Bell & Thomas: ESSENTIALS OF PLANE AND SPHERICAL 
TRIGONOMETRY, $1.80—Tables separately, 65¢ 


Crathorne & Lytle: PLANE TRIGONOMETRY, $1.75 


Crathorne & Lytle: TRIGONOMETRY, $2.00 


ANALYTICS: Hill & Linker: BRIEF COURSE IN ANALYTICS, $1.50 
Sisam: ANALYTIC GEOMETRY, $2.20 


GENERAL 
MATHEMATICS: Munshower & Wardwell: BASIC COLLEGE MATHE- 


MATICS, $3.20 


Hill & Linker: INTRODUCTION TO COLLEGE MATHEMATICS, 
$2.65 


HENRY HOLT and COMPANY aye 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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INDEX TO VOLUME 51, 1944 


THE AMERICAN MATHEMATICAL MONTHLY 
By W. M. Davis, Cornell College 


GENERAL MATHEMATICAL PAPERS 


Ayers, W. L. Interesting the engineering stu- 
dent, 200-205. 

anne erp An electrical Chinese ring puzzle, 

aes, j. W. More modified series, 389- 


BRINK, R. W. College mathematics during re- 
construction, 61-74. 

Bruck, R. H. See Wade, T. L. 

Carrns, S. S. Deformations of plane rectilinear 
complexes, 247-252. 

CAMPBELL, J. W. Motion with respect to mov- 
ing axes, 377-381. 

Coxe, R. H. Associated distributions 


in biometry, 252-261. 
Mathematics, 300 B.C.-200 B.C., 


= Mathematics, 200 B.C.-600 A.D., 149- 


Derry, Douctas. Affine geometry of convex 
quartics, 78-83. 

Evans, H. P. Mathematics textbooks for the 
introductory college courses, 12-18. 

Eves, Howarp. Concerning some perspective 
triangles, 324-331. 

Frame, J. S. Tangent triangles to a biquadratic 
curve, 445-450. 

Hatmos, P. R. The foundations of probability, 
493-510. 

Hicerns, T. J. Biographies and collected works 
of mathematicians, 433-445. 

Jackson, Dunnam. The harmonic boundary 
value problem for an ellipse or an ellip- 
soid, 555-563. 

Kosams!, D. D. The metric method in 
mathematical statistics, 382-389. 

K. See Segre, B. 


McBrien, V. O. Cardioids associated with a 
cyclic quadrangle, 74-77. 
Non-analytic functions, 510- 


MorDELt, L. J. Rational points on cubic curves 
and surfaces, 332-339. 

OrE, OysTEIN. Mathematics for students of the 
humanities, 453-458. 

Ort, E. R. Difference equations in average 
value problems, 570-578. 

Parker, W. V. and Pryor, J. E. Polygons of 

test area inscribed in an ellipse, 205- 


Pryor, J. E. See Parker, W. V. 

RajaGapoL, C. T. The Abel-Dini and allied 
theorems, 566-570. 

RIORDAN, — Three-line Latin rectangles, 
450-452. 


ScHWERDTFEGER, H. Skew-symmetric matrices 
and projective geometry, 137-148. 

SEGRE, B. and Mauer, K. On the densest 
packing of circles, 261-270. 

R. Boolean representation theory, 

SyncE, J. L. Focal properties of optical and 
electromagnetic systems, 185-200. 

Tay.or, A. E. Differentiation of Fourier series 
and integrals, 19-25. 

Wap, T. L. and Bruck, R. H. Types of sym- 
metries, 123-129. 

Witcox, L. R. An application of a theorem of 
Sylvester, 270-273. 

Witper, R. L. The nature of mathematical 
proof, 309-323. 

Witson, E. B. Note on the #-test, 563-566. 

Wvure, C. R., Jn. Hilbert’s axioms of plane 
order, 371-376. 

Younes, J. W. T. Curves and surfaces, 1-11. 


DISCUSSION AND NOTES 
Edited by Marte J. Weiss, Sophie Newcomb College 


Apams, O. S. Notes on the geometry of the 
triangle, 85-87. 

BELLMAN, RicHaArRD. A note on the product of 
linear forms, 161-162. 

Borman, J. S. A remark on integration by 
parts, 32-33. 

Branp, Louts. The eight- 
nine-point circle, 84-85. 

BRENNER, JOEL. Determination of latitude in 
an emergency, 343-344, 


int circle and the 


CraiG, H. V. A vectorial development of two 
differentiation formulas, 347. 
An acknowledgement, 581. 
Curtis, H. B. A derivation of Cardan’s for- 


mula, 35. 

Dennis, F. L. A slide rule solution of oblique 
spherical triangles, 159-161. 

a Roy. The roots of a Cayley number, 


DurHaM, R. L. A simple construction for the 
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